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COVERS OF GRAPHS BY TWO CONVEX SETS
RADU BUZATU
Abstract. The nontrivial convex 2-cover problem of a simple graph is
studied. We establish the existence of a convex (2, nt)-cover in dependency
of existing convex (2, t)-covers. We prove that it is NP-complete to decide
whether a graph that has convex (2, t)-covers also has a convex (2, nt)cover. In addition, we identify some classes of graphs for which there
exists a convex (2, nt)-cover.

1. Introduction
In this work we consider only simple connected graphs. We denote by
G = (X; U ) a graph with vertex set X, |X| = n, and edge set U , |U | = m.
The neighborhood of a vertex x ∈ X is the set of all vertices y ∈ X such that
x ∼ y, and it is denoted by Γ(x).
The distance between vertices x and y in G is denoted by d(x, y). We say
that x ∈ X is a simplicial vertex of G if Γ(x) is a clique.
Let us remind some notions defined in [1]: a) metric segment hx, yi is the
set of all vertices lying on a shortest path between vertices x, y ∈ X; b) a set
S ⊆ X is called convex if hx, yi ⊆ S for all x, y ∈ S; c) convex hull of S ⊆ X,
denoted d − conv(S), is the smallest convex set containing S.
A set S ⊆ X is called nontrivial if 3 ≤ |S| ≤ n − 1. Otherwise S is called
trivial.
A family of sets P2 (G) = {X1 , X2 } is called convex 2-cover of the graph
G = (X; U ) if X1 * X2 , X2 * X1 and X1 ∪ X2 = X, where X1 and X2
are convex sets in G. The concept of convex p-cover of a graph for p ≥ 2 is
defined in [2] as a cover of graph by p convex sets. In particular, P2 (G) is
called convex 2-partition of graph G if it is a convex 2-cover of G and sets of
P2 (G) are disjoint.
Received by the editors: October 13, 2015.
2010 Mathematics Subject Classification. 05C35, 05C85.
1998 CR Categories and Descriptors. G.2.2 [Discrete Mathematics]: Graph Theory –
Graph algorithms; F.1.3 [Theory of Computation]: Complexity Measures and Classes –
Reducibility and completeness.
Key words and phrases. convexity, convex covers, simplicial vertex, NP-completeness,
convex partition.
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P2,t (G) = {St , Snt } is said to be a convex (2, t)-cover of G if it is a convex
2-cover of G such that St is a trivial set. In the same way, P2,nt (G) = {S1 , S2 }
is said to be a convex (2, nt)-cover of G if it is a convex 2-cover of G such that
S1 and S2 are nontrivial.
e (G) = {P1 , P2 , . . . , Pk }, k ∈ N , a family of all possible
Denote by P
2,t
2,t
2,t
2,t
convex (2, t)-covers of G.
Deciding if a graph has a convex 2-cover was declared an open problem
in [2]. After, we proved its NP-completeness [7]. We know that verifying if a
set is convex can be done in polynomial time [4]. Consequently, determining if
there exists a convex (2, t)-cover also can be done in polynomial time. Thus,
it is NP-complete to decide whether a graph G has a convex (2, nt)-cover.
This paper is organized as follows. In section 2 we establish the existence
of a convex (2, nt)-cover in dependency on existing convex (2, t)-covers. Also,
identification algorithms for some specifical graph classes are developed. In
section 3 we prove that it is NP-complete to decide whether a graph that has
convex (2, t)-covers also has a convex (2, nt)-cover. In section 4 we present
some graph classes, which have a convex (2, nt)-cover.
2. Convex (2, nt)-cover via convex (2, t)-covers
It is clear that every simple connected graph G on n vertices, where n = 2
or n = 3, has a convex (2, t)-cover but has no a convex (2, nt)-cover.
Let us analyze the case n = 4.
Consider a cycle on 4 vertices C4 and the nontrivial convex cover number
ϕcn (G) as the least integer p ≥ 2 for which G has a convex p-cover by nontrivial
convex sets. The next theorem is true.
Theorem 2.1. [7] If G is a simple connected graph on 4 vertices, then
ϕcn (G) = 2 if and only if G 6= C4 .
As a consequence of Theorem 2.1, we get the following result.
Corollary 2.2. Let G be a simple connected graph on 4 vertices. Then G has
a convex (2, nt)-cover if and only if G 6= C4 .
According to definition of the nontrivial convex cover number, Corollary
2.2 is true.
In the sequel we analyze the case n ≥ 5.
Theorem 2.3. Let G = (X; U ), |X| ≥ 5, be a simple connected graph. Then
the following conditions are equivalent:
1) in G there exists a simplicial vertex x ∈ X;
2) in G there exists P2,t (G) = {St = {x}, Snt = X\{x}};
3) in G there exists P2,t (G) = {St = {x, y}, Snt = X\{x}}.
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Proof. Since x is a simplicial vertex in G, it follows that every two
vertices y, z ∈ Γ(x) are adjacent. Further, d − conv(Γ(x)) = Γ(x) and
d − conv(X\{x}) = X\{x}. Thus, G can be covered by a convex (2, t)-cover:

P2,t (G) = {St = {x}, Snt = X\{x}}.
Consequently 1) ⇒ 2).
Suppose there exists a convex (2, t)-cover P2,t (G) = {St = {x}, Snt =
X\{x}}. Graph G is connected. Hence, there is at least one vertex y such
that y ∼ x and d − conv({x, y}) = {x, y}. Therefore, G can be covered by a
convex (2, t)-cover:

P2,t (G) = {St = {x, y}, Snt = X\{x}}.
Consequently 2) ⇒ 3).
Suppose there exists a convex (2, t)-cover P2,t (G) = {St = {x, y}, Snt =
X\{x}}. Since Snt is convex, Γ(x) is a clique in G. Whence x is a simplicial
vertex. Consequently 3) ⇒ 1).
Theorem 2.4. Let G = (X; U ), |X| ≥ 5, be a simple connected graph that
contains a simplicial vertex. Then G has a convex (2, nt)-cover.
Proof. It follows from Theorem 2.3 that there is a convex (2, t)-cover
P2,t (G) = {St = {x}, Snt = X\{x}} such that x is a simplicial vertex. We
consider 2 cases.
1) Γ(x) = {y}. Since G is a connected graph and |X| − 1 > 3, there exists
z ∈ Snt such that z ∼ y. Taking into account that hx, zi = {x, y, z} and
d − conv({x, y, z}) = {x, y, z}, we obtain the nontrivial convex set {x, y, z}.
This yields that G has a convex (2, nt)-cover:

P2,nt (G) = {S1 = {x, y, z}, S2 = Snt }.
2) |Γ(x)| ≥ 2. Select two vertices y, z ∈ Γ(x). Since x is a simplicial vertex,
y ∼ z and {x, y, z} is a triangle that is a nontrivial convex set. This implies
that G has a convex (2, nt)-cover P2,nt (G) = {S1 = {x, y, z}, S2 = Snt }.
Finally, G has a convex (2, nt)-cover.
Theorem 2.5. Let G = (X; U ), |X| ≥ 5, be a simple connected graph without
simplicial vertices. Then the following conditions are equivalent:
1) in G there exist two adjacent vertices x, y ∈ X such that A = Γ(x)\{y}
and B = Γ(y)\{x} are cliques in G, where for all vertices a ∈ A, b ∈ B,
the inequality d(a, b) ≤ 2 is satisfied;
2) in G there exists a convex (2, t)-cover P2,t (G) = {St = {x, y}, Snt =
X\{x, y}}.
Proof. Combining Theorem 2.3 with the absence of simplicial vertices in
G, we get that G has no a convex (2, t)-cover such that cardinality of the trivial
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convex set is one, or cardinality of the trivial convex set is two and trivial set
intersects nontrivial set.
Let x, y ∈ X be two vertices, which satisfy the condition 1). Then the
following relations are true:
d − conv({x, y}) = {x, y}, {x, y} ∩ d − conv(A ∩ B) = ∅.
It follows that G has a convex (2, t)-cover:

P2,t (G) = {St = {x, y}, Snt = X\{x, y}}.
Consequently 1) ⇒ 2)
Suppose there exists a convex (2, t)-cover P2,t (G) = {St = {x, y}, Snt =
X\{x, y}}. According to the theorem conditions G does not contain simplicial
vertices. Because of the connectivity of St and Snt , we have x ∼ y, and sets
A = Γ(x)\{y}, B = Γ(y)\{x} generate cliques in G. Moreover, if there exist
two vertices a ∈ A, b ∈ B such that d(a, b) > 2, then {x, y} ⊆ ha, bi ⊆ Snt .
This contradicts convexity of Snt . Further, this means that for all vertices
a ∈ A, b ∈ B, we have d(a, b) ≤ 2. Consequently 2) ⇒ 1).
Theorem 2.6. Let G = (X; U ), |X| ≥ 5, be a simple connected graph without
e (G) contains two convex (2, t)-covers such that
simplicial vertices and let P
2,t
intersection of their trivial convex sets is empty. Then G has a convex (2, nt)cover.
Theorem 2.6 follows directly from the fact that the nontrivial convex sets
of respective convex (2, t)-covers form a convex (2, nt)-cover of G.
Theorem 2.7. Let G = (X; U ), |X| ≥ 5, be a simple connected graph without
e (G)| = k ≥ 2 such that intersection of trivial
simplicial vertices and let |P
2,t
sets Sti , 1 ≤ i ≤ k, of any two convex (2, t)-covers is not empty. Then exactly
one of the following conditions is satisfied:
e (G)| = 3 and S 1 ∪ S 2 ∪ S 3 generates a triangle in G;
1) |P
t
t
t
T2,t
2) | ki=1 Sti | = 1.
Proof. G has no simplicial vertices. Further, using Theorem 2.3, we get
that cardinality of trivial convex set for all convex (2, t)-covers of G is two and
trivial convex set does not intersect nontrivial convex set. Let us consider 3
cases.
e (G)| = 2. It follows that |S 1 ∩S 2 | = 1. Hence, condition 2) is satisfied.
|P
2,t
t
t
e
1
2
3
|P2,t (G)| = 3. If |St ∩St ∩St | = 1, then condition 2) is satisfied. Otherwise
St1 ∪ St2 ∪ St3 generates a triangle in G and condition 1) is satisfied.
e (G)|
2,t
e (G)| ≥ 4. Obviously, in this case we have | T|P
|P
S i | = 1. This
2,t

means that condition 2) is satisfied.

i=1

t
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Theorem 2.8. Let G = (X; U ), |X| ≥ 5, be a simple connected graph, without
simplicial vertices, that satisfies the equality:
e (G) = {Pi (G) = {S i , S i } : 1 ≤ i ≤ 3},
P
2,t

where

St1 ∪St2 ∪St3

2,t

t

nt

generates a triangle in G. Then G has a convex (2, nt)-cover.

Proof. Denote S = St1 ∪ St2 ∪ St3 . It is obvious that G can be covered by
one of the three convex (2, nt)-covers:
2
3
1
2
3
P12,nt (G) = {Snt
, S}, P2,nt (G) = {Snt
, S}, P2,nt (G) = {Snt
, S}.

This proves the theorem.
Theorem 2.9. Let G = (X; U ), |X| ≥ 5, be a simple connected graph, without
simplicial vertices, that satisfies the equality:
e (G) = {Pi (G) = {S i = {a, b }, S i } : 1 ≤ i ≤ k, k ≥ 3}.
P
2,t

2,t

t

i

nt

Then G has a convex (2, nt)-cover.
e (G)| ≥ 3,
Proof. According to the theorem conditions, we have |P
2,t
i
i
i=1 St = {a} and |Γ(a)\{bi }| ≥ 2 for 1 ≤ i ≤ k. Sets Snt , 1 ≤ i ≤ k,
are convex nontrivial due to inequality |X| ≥ 5. Since, combining absence of
simplicial vertices in G with Theorem 2.3, we obtain that G has only convex
(2, t)-covers such that the cardinality of the trivial convex set is two and trivial convex set does not intersect nontrivial convex set. Now, bi ∼ bj for all
Sk
i
i , 1 ≤ i ≤ k. Therefore,
i, j ∈ {1, 2, . . . , k}, i 6= j, because a 6∈ Snt
i=1 St is a
Sk
nontrivial clique in G. Thus, i=1 Sti is a nontrivial convex set. Finally, there
is one of possible convex (2, nt)-covers of graph G:
Tk

1
P2,nt (G) = {{a, b1 , b2 }, Snt
}.

This proves the theorem.
Now we give the definition of the graph family F, which will be useful in
the sequel.
Define F as the family of graphs G = (X; U ) that satisfy the following
conditions:
a) X = {a, b1 , b2 , x1 , x2 , . . . , xm }, m ≥ 1;
b) U = {{a, b1 }, {a, b2 }}∪{{xi , xj } : 1 ≤ i, j ≤ m; i 6= j}∪{{b1 , xi }, {b2 , xi } :
1 ≤ i ≤ m}.
It can easily be checked that all graphs G ∈ F on n ≥ 5 vertices have
exactly two convex (2, t)-covers:

P12,t (G) = {{a, b1 }, {b2 , x1 , . . . , xm }}, P22,t (G) = {{a, b2 }, {b1 , x1 , . . . , xm }}.
Graph family F is presented in Figure 1.
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b1

F:

a
b2

xm
x2
x1
Km

Figure 1. Graph family F
Theorem 2.10. A graph G = (X; U ) ∈ F has no a convex (2, nt)-cover.
Proof. By definition, |X| ≥ 4. If |X| = 4, then G = C4 . Under the
conditions of Corollary 2.2, G has no a convex (2, nt)-cover.
Suppose |X| ≥ 5. Assume that graph G has a convex (2, nt)-cover. Further, one of nontrivial convex sets of this convex (2, nt)-cover contains vertices {b1 , b2 } or {a, x}, where x ∈ X\{a, b1 , b2 }. Notice that for every graph
G = (X; U ) ∈ F the following conditions hold:
{b1 , b2 } ⊆ ha, xi, for all x ∈ X\{a, b1 , b2 };
d − conv({b1 , b2 }) = X.
This contradiction proves the theorem.
Theorem 2.11. Let G = (X; U ), |X| ≥ 5, G 6∈ F, be a simple connected
graph, without simplicial vertices, that satisfies the equality:
e (G) = {P1 (G) = {S 1 = {a, b }, S 1 }, P2 (G) = {S 2 = {a, b }, S 2 }}.
P
2,t
1
2
2,t
t
nt
2,t
t
nt
Then G has a convex (2, nt)-cover.
Proof. Suppose b1 ∼ b2 . Then G has convex (2, nt)-covers:
2
1
2
P12,nt (G) = {{a, b1 , b2 }, Snt
}, P2,nt (G) = {{a, b1 , b2 }, Snt
}.

Now suppose that b1  b2 . Denote A = Γ(a)\{b1 }, B = Γ(b1 )\{a}. We see
1 . If S 1 6= d − conv(A ∪ B), then G has a convex (2, nt)-cover:
that A, B ⊆ Snt
nt
1
P2,nt (G) = {S1 = {a, b1 } ∪ d − conv(A ∪ B), S2 = Snt
}.
1 = d − conv(A ∪ B). In addition, suppose that |A| ≥ 2.
Assume that Snt
It follows from Theorem 2.5 that A ∪ {a} is a clique in G. Thus, A ∪ {a} is a
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2 .
nontrivial convex set. By the theorem conditions, we have b2 ∈ A, b1 ∈ Snt
Hence, G has a convex (2, nt)-cover:
2
P2,nt (G) = {S1 = A ∪ {a}, S2 = Snt
}.

Further assume that A = b2 . In accordance with Theorem 2.5, we obtain
that B ≥ 1. Let us consider 2 cases.
1 6= A∪B. Then, combining convexity of S 1 with Theorem 2.5,
Suppose Snt
nt
there is a vertex x ∈ B that satisfies d(b2 , x) = 2 such that there is a vertex
1 = A ∪ B.
y ∈ hb2 , xi, where y 6∈ A ∪ B, y ∈ d − conv(A ∪ B), otherwise Snt
This implies that G has a convex (2, nt)-cover:
1
P2,nt (G) = {S1 = {a, b1 , x}, S2 = Snt
}.
1 = A ∪ B. Then, since |X| ≥ 5 and |A| = 1, it follows that
Suppose Snt
|B| ≥ 2. If b2 ∼ x for all x ∈ B, then G ∈ F and by Theorem 2.10, it
follows that this graph has no a convex (2, nt)-cover. Conversely, graph G has
a convex (2, nt)-cover:

P2,nt (G) = {S1 = d − conv({b1 , b2 }), S2 = B ∪ {b1 }}.
The theorem is proved.
Let us remark that every simple connected graph, that contains simplicial
vertices, has at least two different convex (2, t)-covers. This follows directly
from Theorem 2.3.
Now we define some families of graphs.
By J denote a family of simple connected graphs on n ≥ 5 vertices that
have at least two different convex (2, t)-covers and not belong to F .
By H denote a family of simple connected graphs on n ≥ 5 vertices that
have exactly one convex (2, t)-cover.
Theorem 2.12. A graph G ∈ J has a convex (2, nt)-cover.
Theorem 2.12 follows directly from Theorems 2.3 - 2.11.
0

Let H be a subfamily of H with the following properties:
a) A ∩ B = ∅, where A = Γ(x)\{y}, B = Γ(y)\{x} such that {x, y} is the
trivial set of the convex (2, t)-cover of a graph;
b) For each a ∈ A there exists b ∈ B such that a ∼ b and for each b ∈ B
there exists a ∈ A such that b ∼ a;
c) d − conv(A ∪ B) = Snt , where Snt is the nontrivial set of the convex
(2, t)-cover of a graph;
d) Snt 6= A ∪ B. This implies that there exist a ∈ A, b ∈ B, c ∈ C such
that d(a, b) = 2 and c ∈ ha, bi, where C = Snt \(A ∪ B).
00

0

Let H = H\H .
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00

Theorem 2.13. A graph G ∈ H has a convex (2, nt)-cover.
Proof. Let P2,t (G) = {St = {x, y}, Snt } be a convex (2, t)-cover of G.
00
00
0
Denote A = Γ(x)\{y}, B = Γ(y)\{x}. Since G ∈ H , where H = H\H ,
0
we have G 6∈ H and it follows that at least one property that characterize
0
the family H is not satisfied.
If A ∩ B 6= ∅, then G has a convex (2, nt)-cover:

P2,nt (G) = {S1 = {x, y, z}, S2 = Snt },
where z ∈ A ∩ B.
Assume that the property a) is satisfied. Conversely, by the above, G has
a convex (2, nt)-cover. If there exists a ∈ A for which does not exist b ∈ B
such that a ∼ b, then G has a convex a (2, nt)-cover:

P2,nt (G) = {S1 = {x, y, a}, S2 = Snt }.
In the same way, if there exists b ∈ B for which does not exist a ∈ A such that
b ∼ a, then G has a convex a (2, nt)-cover:

P2,nt (G) = {S1 = {x, y, b}, S2 = Snt }.
If d − conv(A ∪ B) 6= Snt , then G has a convex (2, nt)-cover:

P2,nt (G) = {S1 = {x, y} ∪ d − conv(A ∪ B), S2 = Snt }.
If Snt = A ∪ B. Then we consider two cases.
1) Suppose |A| ≥ 2 and |B| ≥ 2. Then G has a convex (2, nt)-cover:

P2,nt (G) = {S1 = A ∪ {x}, S2 = B ∪ {y}}.
00

2) Suppose |A| = 1. Since every graph of the family H has at least
five vertices, we get |B| ≥ 2. Assume that the properties a) and b) are
satisfied. Conversely, by the above, G has a convex (2, nt)-cover. Let A = {v}.
According to the property b), the vertex v is adjacent to all vertices of B and
00
further G ∈ F. By definition, H is the family of graphs that have exactly one
convex (2, t)-cover but every graph that belongs to the family F has exactly
two convex (2, t)-covers. This implies a contradiction. Similarly, we get a
contradiction if suppose |B| = 1. Thus, |A| ≥ 2 and |B| ≥ 2 but in this case
G has a convex (2, nt)-cover.
Consider simple connected graph G has n vertices and m edges. In the
sequel, we present some algorithms that determine appartenance of G to the
0
00
classes: F, J, H , H .
Next we propose the Algorithm 2.14 that determine whether a graph G
belongs to the family F.
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Algorithm 2.14.
Input: Simple connected graph G = (X; U ).
Output: YES: G belongs to F, or NO: G does not belong to F.
Step 1) If |X| ≤ 3, then return NO.
Step 2) If |X| = 4, then check whether G = C4 . If G = C4 , then return
YES; otherwise return NO.
Step 3) Check whether there exists or not a unique vertex x ∈ X such that
Γ(x) = {y, z} and y  z. If not, then return NO.
Step 4) Check whether both {y} ∪ X\{x, z} and {z} ∪ X\{x, y} are cliques
in G. If so, then return YES; otherwise return NO.
Theorem 2.15. It can be decided in time O(n2 ) whether a graph G belongs
to the family F.
Proof. Evidently, steps 1) and 2) run in constant time. The step 3) is
executed in O(n) time. It is clear that it can be verified in O(n2 ) time if the
given subgraph is a clique or not. Hence the step 4) operates in O(n2 ). Based
on the mentioned facts, the execution time of the algorithm is O(n2 ).
Algorithm 2.16 determines whether or not a graph G belongs to one of the
0
00
families: J, H , H .
Algorithm 2.16.
Input: Simple connected graph G = (X; U ).
0
0
00
Output: F J: G belongs to J, or F H : G belongs to H , or F H : G
00
belongs to H , or NO: G does not belong to any of the families.
Step 1) Apply Algorithm 2.14. If Algorithm 2.14 returns YES, then return
NO.
Step 2) Check whether there exists or not a simplicial vertex in G. If there
is a simplicial vertex in G, then return F J.
e (G). For this
Step 3) Search all convex (2, t)-covers of G, i.e., define P
2,t
purpose search all adjacent vertices x, y ∈ X, which satisfy the next equality
d − conv(X\{x, y}) = X\{x, y}.
e (G) = ∅, then return NO.
Step 4) If P
2,t
e
Step 5) If |P2,t (G)| ≥ 2, then return F J.
Step 6) If A ∩ B 6= ∅ such that A = Γ(x)\{y}, B = Γ(y)\{x}, where {x, y}
e (G), then return F H00 .
is the trivial set of the single convex (2, t)-cover of P
2,t
Step 7) Check whether there exist a ∈ A such that, for all b ∈ B the
condition a  b is satisfied or there exist b ∈ B such that, for all a ∈ A the
condition b  a is satisfied. If there exists such a ∈ A or b ∈ B, then return
00
FH .
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Step 8) Compute d − conv(A ∪ B). If d − conv(A ∪ B) 6= Snt , where Snt
e (G), then return
is the nontrivial set of the single convex (2, t)-cover of P
2,t
00
FH .
00
Step 9) If Snt = A ∪ B, then return F H .
0
Step 10) Return F H .
Theorem 2.17. It can be decided in time O(nm2 ) whether or not a graph G
0
00
belongs to one of the families: J, H , H .
Proof. Since complexity of Algorithm 2.14 is O(n2 ), then it results that
the complexity of the step 1) is O(n2 ).
A vertex x ∈ X is simplicial if and only if Γ(x) is a clique, but determining
if a given subset is a clique can be done in O(n2 ). Further, checking every
vertex whether it is simplicial executes in O(n3 ). So the complexity of the
step 2) is O(n3 ).
The convex hull of a set S ⊆ X can be computed in O(|d − conv(S)|m)
time [4]. Since |d − conv(S)| can reach value n, we obtain that the complexity
of the step 8) is O(nm).
e (G) is obtained by applying the convex hull algorithm to
The family P
2,t
set X\{x, y} for all adjacent vertices x, y ∈ X. Since |d − conv(X\{x, y})| can
reach value n, we obtain that the complexity of the step 3) is O(nm2 ).
Clearly, steps 4), 5) and 10) run in constant time, steps 6) and 9) run in
O(n) time, but step 7) is executed in O(n2 ). As a result, we can decide in
0
O(nm2 ) time whether or not a graph G belongs to one of the families: J, H ,
00
H.
0

Theorem 2.18. Let G = (X; U ) ∈ H be a graph that has a convex (2, t)cover P2,t (G) = {St = {x, y}, Snt = X\{x, y}} and has a convex (2, nt)-cover.
Then G has a convex (2, nt)-cover P2,nt (G) = {S1 , S2 } such that exactly one
of the following conditions is satisfied:
a) x, y ∈ S1 and S2 = X\{x, y};
b) x ∈ S1 , x 6∈ S2 and y ∈ S2 , y 6∈ S1 .
0

Proof. Let P2,nt (G) = {S10 , S20 } be a convex (2, nt)-cover of G. Suppose
x, y ∈ S10 . Then, since Snt is nontrivial convex set, we obtain S1 = S10 and
S2 = Snt . Thus, the condition a) is satisfied. Otherwise the condition b) is
satisfied.
0

Theorem 2.19. It can be decided in time O(n2 m) if a graph G = (X; U ) ∈ H
has a convex (2, nt)-cover that satisfies the condition a) of Theorem 2.18. And
for this purpose it is sufficient to determine whether there exists z ∈ A∪B such
that Snt * d − conv({x, y, z}), where P2,t (G) = {St = {x, y}, Snt = X\{x, y}}
is a convex (2, t)-cover of G and A = Γ(x)\{y}, B = Γ(y)\{x}.
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0

Proof. By definition of H , G has no simplicial vertices and |X| ≥ 5. Let
P
= {S11 , S21 = Snt } be a convex (2, nt)-cover of G such that x, y ∈ S11 .
It is clear that there exists a vertex z ∈ A ∪ B such that the relation
d − conv({x, y, z}) ⊆ S11 is satisfied. Furthermore, graph G has a convex
(2, nt)-cover:
1
2,nt (G)

P22,nt (G) = {S12 = d − conv({x, y, z}), S22 = Snt }.
Without loss of generality it is sufficient to determine whether there exists
z ∈ A ∪ B such that Snt * d − conv({x, y, z}). For this purpose we compute
the convex hull of {x, y, z} for all z ∈ A ∪ B. If there is at least one vertex
z ∈ A∪B such that Snt * d−conv({x, y, z}), then G has a convex (2, nt)-cover
that satisfies the condition a) of Theorem 2.18.
Let us remind that computing of the convex hull of a set S ⊆ X can be
done in O(|d − conv(S)|m) time [4]. The decision whether G has a convex
(2, nt)-cover that satisfies the condition a) of Theorem 2.18 can be obtained
by applying the convex hull algorithm at most |A ∪ B| times. Thus, the overall
complexity is O(n2 m).
0

Theorem 2.20. Let G = (X; U ) ∈ H be a graph that has a convex (2, t)-cover
P2,t (G) = {St = {x, y}, Snt = X\{x, y}} and has no a convex (2, nt)-cover
that satisfies the condition a) of Theorem 2.18, but has a convex (2, nt)-cover
P2,nt (G) = {S1 , S2 } that satisfies the condition b) of Theorem 2.18, that is,
x ∈ S1 , x 6∈ S2 and y ∈ S2 , y 6∈ S1 . Then the following conditions are satisfied:
a) (Γ(x)\y) ⊆ S1 and (Γ(x)\y) ∩ S2 = ∅;
b) (Γ(y)\x) ⊆ S2 and (Γ(y)\x) ∩ S1 = ∅.
Proof. Assume (Γ(x)\y)∩S2 6= ∅, or (Γ(x)\y) * S1 , i.e., (Γ(x)\y)∩S2 6= ∅.
Therefore, we get x ∈ S2 . Since x ∈ S1 and y ∈ S2 , this means that P2,nt (G)
does not satisfy the condition b) of Theorem 2.18. We have a contradiction.
By the same argument, if we assume (Γ(y)\x) ∩ S1 6= ∅, or (Γ(y)\x) * S2 ,
then we also get a contradiction.
3. NP-completeness
It is known that determining if a graph has a convex 2-cover is NPcomplete [7]. Generally, knowing all convex (2, t)-covers of a graph G does
not facilitate determining if G has a convex (2, nt)-cover. But it is useful to
know if a graph that has convex (2, t)-covers also has a convex (2, nt)-cover.
00
In previous section we proved that all graphs of the families J and H
have a convex (2, nt)-cover and none graph of F has a convex (2, nt)-cover.
Also, we proved that it can be determined in polynomial time whether or not
0
00
a graph belongs to one of the families: F, J, H , H .
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Denote by H (2, nt) the problem of deciding whether a graph G ∈ H has
a convex (2, nt)-cover.
0
Now let us prove that the H (2, nt) problem is NP-complete. For this
0
purpose we reduce the NP-complete 1-IN-3 3 SAT problem [5] to the H (2, nt)
problem.
1-IN-3 3 SAT problem:
Instance: Set V = {v1 , v2 , . . . , vn } of variables, collection C = {c1 , c2 , . . . , cm }
of clauses over V such that each clause c ∈ C has |c| = 3 and no negative literals.
Question: Is there a truth assignment for V such that each clause in C
has exactly one true literal?
We say that C is satisfiable if there exists a truth assignment for V such
that C is satisfiable and each clause in C has exactly one true variable.
0

Theorem 3.1. The H (2, nt) problem is NP-complete.
0

Proof. H (2, nt) problem is in NP, because verifying if a set is convex
can be done in polynomial time [4] and nontriviality is verifying in constant
0
time. Further, we reduce 1-IN-3 3 SAT to the H (2, nt) problem. First, we
0
determine the structure of a particular graph G = (X; U ) ∈ H from a generic
instance (V, C) of 1-IN-3 3 SAT. Next, we prove that C is satisfiable if and
only if G has a convex (2, nt)-cover. For this purpose we prove that a convex
(2, nt)-cover of G defines a truth assignment that satisfies (V, C). At the same
time, we prove that a truth assignment that satisfies (V, C) defines a convex
(2, nt)-cover of G.
Let graph G be given by vertex set X and edge set U .
The vertex set X consists of:
a) vertices y and z;
b) V = {v1 , v2 , . . . , vn }, Y = {y1 , y2 , y3 , y4 }, Y 0 = {f, y5 , y6 , y7 , y8 , y9 },
Z = {z1 , z2 , z3 , z4 }, Z 0 = {t, z5 , z6 , z7 , z8 , z9 };
c) F = {fj |1 ≤ j ≤ m}, T = {tj |1 ≤ j ≤ m};
d) L = {lji |1 ≤ j ≤ m, 1 ≤ i ≤ 3}, L = {lij |1 ≤ j ≤ m, 1 ≤ i ≤ 3},
Q = {qji |1 ≤ j ≤ m, 1 ≤ i ≤ 3}.
We get X = {y, z} ∪ V ∪ Y ∪ Y 0 ∪ Z ∪ Z 0 ∪ F ∪ T ∪ L ∪ Q ∪ L. Every variable
vi ∈ V corresponds to vertex vi ∈ V. Every clause cj ∈ C corresponds to
eleven vertices: fj , lj1 , lj2 , lj3 , l1j , l2j , l3j , qj1 , qj2 , qj3 , tj .
The edge set U satisfies the conditions:
a) y ∼ z, y4 ∼ zk and z4 ∼ yk for 1 ≤ k ≤ 4;
b) V ∪ Q, Y ∪ {y} and Z ∪ {z} are cliques in G;
c) Γ(f ) = V ∪ Q ∪ F ∪ Y ∪ {y6 , y7 } and Γ(t) = V ∪ Q ∪ T ∪ Z ∪ {z6 , z7 };
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Figure 2. The convex (2, nt)-cover of the graph G for the
instance (V, C) = ({v1 , v2 , v3 , v4 }, {{v1 , v2 , v3 }, {v2 , v3 , v4 }})
d) Γ(y5 ) = F ∪ Y ∪ {y6 , y7 }, Γ(y6 ) = Y ∪ {f, y5 , y8 , y9 , z1 }, Γ(y7 ) =
Y ∪ {f, y5 , y8 , y9 , z2 } and Γ(z5 ) = T ∪ Z ∪ {z6 , z7 }, Γ(z6 ) = Z ∪
{t, z5 , z8 , z9 , y1 }, Γ(z7 ) = Z ∪ {t, z5 , z8 , z9 , y2 };
e) every clause cj = {va , vb , vc }, 1 ≤ j ≤ m, corresponds to eighteen
edges: {lj1 , va }, {lj2 , vb }, {lj3 , vc }, {lj1 , fj }, {lj2 , fj }, {lj3 , fj }, {l1j , tj },
{l2j , tj }, {l3j , tj }, {qj1 , l1j }, {qj2 , l2j }, {qj3 , l3j }, {lj1 , l2j }, {lj1 , l3j }, {lj2 , l1j },
{lj2 , l3j }, {lj3 , l1j }, {lj3 , l2j }.
We skip the trivial case |C| = 1 of 1-IN-3 3 SAT problem. Consider
|C| ≥ 2.
Firstly, we show that the obtained graph G = (X; U ) belongs to H. Let
us remember that H is a family of simple connected graphs on n ≥ 5 vertices
that have exactly one convex (2, t)-cover. According to Theorem 2.3, G has
no simplicial vertices. It follows easily from construction of G that this graph
really has no such vertices but contains the only one pair of adjacent vertices
{y, z}, which satisfies the conditions of Theorem 2.5. This means that G has
exactly the one convex (2, t)-cover P2,t = {St = {y, z}, Snt = X\{y, z}} and
further G belongs to H.
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Figure 3. Edges between Y and Z
0

Secondly, we show that G is in H . To do this we show that all the
0
properties, which characterize the family H are satisfied. Clearly, we see
that properties a), b) are satisfied. Since {y6 , y7 , z6 , z7 } ⊆ d − conv(A ∪ B),
d − conv({y6 , y7 , z6 , z7 }) = Snt and {A ∪ B} ⊆ Snt , the properties c) and d)
0
are also satisfied. This means that G is in H .
Thirdly, we show that G has no a convex (2, nt)-cover that satisfies the
condition a) of Theorem 2.18. By construction of G, Snt ⊆ d − conv({y, z, x})
for all x ∈ A ∪ B, where A = Γ(y)\{z} and B = Γ(z)\{y}. Further, taking
into account Theorem 2.19, we obtain that G has no a convex (2, nt)-cover
that satisfies the condition a) of Theorem 2.18. Thus, if graph G has a convex
(2, nt)-cover, then it satisfies the condition b) of Theorem 2.18 and satisfies
Theorem 2.20.
We prove that C is satisfiable if and only if G has a convex (2, nt)-cover.
If G = (X; U ) has a convex (2, nt)-cover, then C is satisfiable.
Let P2 (G) = {Sf , St } be a convex (2, nt)-cover of G such that y ∈ Sf ,
y 6∈ St and z ∈ St , z 6∈ Sf . We have d − conv({yi , zj }) = Snt = X\{y, z} for
every i, j ∈ {8, 9}. Further, y8 , y9 ∈ Sf , z8 , z9 ∈ St and let S1 = Y ∪ Y 0 ∪ F ,
S2 = Z ∪ Z 0 ∪ T .
Let us distinguish some properties:
1) S1 ∩ St = ∅ and S2 ∩ Sf = ∅.
We see what S1 ⊆ d−conv({y8 , y9 }), S2 ⊆ d−conv({z8 , z9 }). Consequently
we have S1 ⊆ Sf , S2 ⊆ St .
Moreover, for each u ∈ S1 , we get d − conv({u, z8 , z9 }) = Snt . This
implies that u 6∈ St for each u ∈ S1 . Similarly, for each u ∈ S2 , we get
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d − conv({u, y8 , y9 }) = Snt . This implies that u 6∈ Sf for each u ∈ S2 . Thus
S1 ∩ St = ∅ and S2 ∩ Sf = ∅.
2) Sets L, V, Q, L are uniquely interdependent.
If vertex lji belongs to St , then Γ(lji ) ∩ V ⊆ St and lkj belongs to St for
1 ≤ k ≤ 3, k 6= i.
If vertex vi belongs to St , then Γ(vi ) ∩ L ⊆ St and for all lja ∈ Γ(vi ) ∩ L
vertices lkj belong to St for 1 ≤ k ≤ 3, k 6= a.
Vertex lij belongs to Sf if and only if qji belongs to Sf . If vertex lij belongs
to Sf , then L0 = {ljk |1 ≤ k ≤ 3, k 6= i} ⊆ Sf and Γ(ljk ) ∩ V is contained in Sf
for all ljk ∈ L0 .
3) Exactly one vertex of Lj = {lj1 , lj2 , lj3 } belongs to St , for 1 ≤ j ≤ m, and
exactly one vertex of Lj = {l1j , l2j , l3j } belongs to Sf , for 1 ≤ j ≤ m.
Exactly one vertex of every set Lj = {lj1 , lj2 , lj3 }, 1 ≤ j ≤ m, belongs to St .
In the converse case, if two vertices {lja , ljb } of Lj belong to St , then fj belongs
to St . By Property 1, we get a contradiction. If none vertex of Lj = {lj1 , lj2 , lj3 }
belongs to St , then Lj ⊆ Sf , Lj = {l1j , l2j , l3j } ⊆ Sf and tj belongs to Sf . Now
by Property 1, we have a contradiction.
In addition, exactly one vertex of every set Lj = {l1j , l2j , l3j }, 1 ≤ j ≤ m,
belongs to Sf .
We associate V with V and L with C such that convex (2, nt)-cover represents a truth assignment for V, where the variable vi is true if and only if
the vertex vi ∈ St .
Let us remark that sets Sf , St are nontrivial and disjoint. It follows from
Properties 1 - 3 that if G has a convex (2, nt)-cover P2 (G) = {Sf , St }, then
C is satisfiable.
If C is satisfiable, then G = (X; U ) has a convex (2, nt)-cover.
Suppose that there exists a truth assignment, which satisfies (V, C). We
construct a convex (2, nt)-cover P2 (G) = {Sf , St } as follows:
Step 1. Define St = Z ∪ Z 0 ∪ T ∪ {z};
Step 2. For each true variable vi of V we add vertex vi and the set L0 = Γ(vi )∩L
to St and for each lja ∈ L0 we add vertices qjb , lbj to St such that lbj ∼ lja
and qjb ∼ lbj ;
Step 3. Define Sf = X\St .
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Figure 4. Edges between L and L
Clearly, for the resulting convex (2, nt)-cover P2 (G) = {Sf , St } the Properties 1, 2 and 3 are satisfied. Note also that sets Sf and St are disjoint.
Hence, if C is satisfiable, then G has a convex (2, nt)-cover.
We represent in Figure 2 the graph G that corresponds to a particular
instance (V, C) = ({v1 , v2 , v3 , v4 }, {{v1 , v2 , v3 }, {v2 , v3 , v4 }}). Sets Q∪ V ∪{f },
Q∪ V ∪{t}, Y ∪{y} and Z ∪{z} generate cliques in G. White vertices belong to
St and black vertices belong to Sf . White vertices of V represent the variables
of V set to true. All edges between Y and Z are represented in Figure 3 but
all edges between L and L are represented in Figure 4.
Finally, we obtain that it is NP-complete do decide whether a graph that
has convex (2, t)-covers also has a convex (2, nt)-cover. Indeed, this follows
0
from fact that the H (2, nt) problem is NP-complete.
4. Some graph classes, which have a convex (2, nt)-cover
Let us examine some classes of simple connected graphs, which have a
convex (2, nt)-cover.
Consider Cn a cycle graph on n vertices. Recall that a chordal graph is a
connected graph such that every cycle of length at least 4 has a chord.
Theorem 4.1. A chordal graph G on n ≥ 4 vertices has a convex (2, nt)-cover.
Proof. Every chordal graph G contains at least one simplicial vertex [6].
Also, every chordal graph on n = 4 vertices is not equal to the cycle C4 . This
yields that under the conditions of Corollary 2.2 and Theorem 2.4, chordal
graph G on n ≥ 4 vertices has a convex (2, nt)-cover.
Corollary 4.2. A tree and a complete graph on n ≥ 4 vertices have a convex
(2, nt)-cover.
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Corollary 4.2 follows directly from the fact that these types of graphs are
subclusses of chordal graphs.
A power of cycle Cnk , 1 ≤ k ≤ b n2 c, is a graph such that X(Cnk ) = X(Cn )
and U (Cnk ) = {{ui , uj }|ui , uj ∈ X(Cnk ), dCn (ui , uj ) ≤ k}.
In [3] it is established the following theorem, which states conditions to
determine whether Cnk has a convex 2-partition.
Theorem 4.3. [3] Cnk has a convex 2-partition if and only if n ≤ 2k + 2 or
n ≡ 0, 1, 2 (mod 2k).
Using Theorem 4.3, we have the following result.
Theorem 4.4. Cnk has a convex (2, nt)-cover if and only if n ≥ 4, Cnk 6= C4 ,
and n ≤ 2k + 2 or n ≡ 0, 1, 2 (mod 2k).
Proof. First, we shall show that Cnk has a convex 2-partition if and only
if Cnk has a convex 2-cover. By construction of Cnk , every convex set of Cnk
consists of consecutive vertices of Cn . Suppose P2 (Cnk ) = {S1 , S2 } is a convex
2-cover of Cnk . Subtracting S1 ∩ S2 from S1 or from S2 , we get a convex 2partition of Cnk . Therefore, every convex 2-cover of Cnk can be transformed in
a convex 2-partition. Recall that convex 2-partition is a convex 2-cover.
Let us show that Cnk has a convex 2-cover if and only if Cnk has a convex
(2, nt)-cover and conditions n ≥ 4, Cnk 6= C4 hold.
For n ≤ 3 there is no convex (2, nt)-cover of graph Cnk . It remains to verify
if Cnk has a convex (2, nt)-cover for n ≥ 4.
Assume that n = 4. According to power of cycle definition, we have
1 ≤ k ≤ 2. If k = 1, then C41 = C4 . By Corollary 2.2, it follows that this
graph has no a convex (2, nt)-cover. On the other hand, if k = 2, then C42 = K4
and the application of Corollary 4.2 yields that C42 has a convex (2, nt)-cover.
Further, assume that n ≥ 5. Suppose P2,t (Cnk ) = {St , Snt } is a convex
(2, t)-cover. If |St | = 1, or if |St | = 2 and St ∩Snt 6= ∅, then taking into account
Theorem 2.3 and Theorem 2.4, Cnk has a convex (2, nt)-cover. Otherwise if
|St | = 2 and St ∩ Snt = ∅, then since the construction of power of cycle is
0
0 }
regular, graph Cnk has the another convex (2, t)-cover P2,t (Cnk ) = {St0 , Snt
0
0
such that St consists of two consecutive vertices in Cn and St ∩ St = ∅, where
0 . Thus, using Theorem 2.6, we get a convex (2, nt)-cover
St0 ⊂ Snt and St ⊂ Snt
of Cnk .
A cactus graph is a connected graph in which any two graph cycles have
at most one vertex in common.
Theorem 4.5. A cactus graph G on n vertices has a convex (2, nt)-cover if
and only if n ≥ 4, G 6= C4 .
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Proof. Using Corollary 2.2, we know that a connected graph on 4 vertices
has a convex (2, nt)-cover if and only if this graph is different from C4 . This
implies that a cactus graph G on 4 vertices also has a convex (2, nt)-cover if
and only if G is different from C4 .
Suppose n ≥ 5. If G contains a simplicial vertex, then taking into account
Theorem 2.4, graph G has a convex (2, nt)-cover. Assume that G has no
simplicial vertices. If G is a cycle Cn = Cn1 , then by Theorem 4.4 graph G
has a convex (2, nt)-cover. Otherwise G has a cut vertex v that is adjacent to
k ≥ 2 various connected components S1 , S2 , . . . , Sk . Further, since G has no
simplicial vertices, we have |X(Si )| ≥ 2 S
for 1 ≤ i ≤ k. Thus, graph G has a
convex (2, nt)-cover: P2,nt (G) = {{v} ∪ 1≤i≤k−1 X(Si ), X(Sk ) ∪ {v}.
5. Conclusion
The paper is a continuation of computational complexity research of convex two cover problem, declared open in [2]. We proved NP-completness of
this problem in [7]. In the article we establish the existence of a convex (2, nt)cover in dependency on existing convex (2, t)-covers. Generally, we prove that
it is NP-complete do decide whether a graph that has convex (2, t)-covers also
has a convex (2, nt)-cover. Finally, we show that some graphs on n ≥ 4 vertices implicitly have a convex (2, nt)-cover. In particular, chordal graphs and
cactus graphs, different from C4 , are covered by two nontrivial convex sets.
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A TRAPEZOIDAL INTUITIONISTIC FUZZY MCDM
METHOD BASED ON SOME AGGREGATION OPERATORS
AND SEVERAL RANKING METHODS
DELIA A. TUŞE
Abstract. Intuitionistic fuzzy numbers extend fuzzy numbers and they
are characterized by two functions that express the degree of membership
and respectively non-membership. Therefore, intuitionistic fuzzy numbers
better quantify uncertain information that occurs in many real situations
and can be successfully used in multicriteria decision making (MCDM)
methods. MCDM is a process of problem identification, construction of
preferences, evaluation of alternatives and determination of the best alternative. Intuitionistic fuzzy numbers aggregating and ranking are still
open research topics. In this paper we propose a MCDM method based on
trapezoidal intuitionistic fuzzy numbers (T IF N s). We use two aggregation operators and four ranking methods with T IF N s in order to obtain
eight hierarchies of the given alternatives to assist in making a decision.
An algorithm for ranking alternatives based on performance of alternatives versus criteria and weights of the given criteria, both represented by
T IF N s is elaborated. The applicability of the proposed method is shown
by a numerical example.

1. Introduction
MCDM methods are the main content of the decision theory research (see
[19]). Specifically, a MCDM method is a procedure for ranking alternatives,
according to several criteria, knowing the opinion of the decision-makers regarding the performance of alternatives and weights of criteria (see, e.g., [11]).
MCDM has a wide range of applications such as personal evaluation, product
evaluation, evaluation of employee performance, economic evaluation, assisting
investment decisions, risk assessment etc. (see [21]). Classical MCDM supposes the existence of accurate data, but in practice it is almost impossible to
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obtain exact information due to the uncertainty and imprecision of available
data. Because of the complexity and uncertainty of decision making process,
MCDM methods based on fuzzy environment has become in last years an area
of research that has received more and more attention (see, e.g., [2], [5], [10],
[11], [17], [18], [20], [22], [23], [25], [28]). In [1] and [2] was introduced, for the
first time, the notion of intuitionistic fuzzy set, as a generalization of fuzzy
sets, characterized by two functions that express the degree of membership
and respectively the degree of non-membership. An intuitionistic fuzzy number is a particular intuitionistic fuzzy set and an extension of a fuzzy number
as well. The degree of non-membership is different from the complement of
the degree of membership. In many real situations (see [15]) the intuitionistic
fuzzy numbers model better the uncertainty than fuzzy numbers.
The ranking of intuitionistic fuzzy numbers is still an important issue,
although several methods have been proposed (see, e.g., [14], [16], [21], [27],
[28]). Due to the simple form and easy computation, the T IF N s can be
successfully used in the intuitionistic fuzzy MCDM methods. In order to
develop the proposed method, there will be defined on T IF N s two aggregation
operators and four ranking methods.
The paper is structured as follows.
In Section 2 we recall notions and operations related to intuitionistic fuzzy
numbers and especially with T IF N s, we consider two aggregation operators
of the T IF N s, namely the weighted arithmetic aggregation (W AA) operator and the weighted geometric aggregation (W GA) operator and we mention
some numerical characteristics of T IF N s such as the index, the value, the
ambiguity, the value-index and the ambiguity-index, the score, the accuracy
and the expected value and four ranking methods on T IF N s based on these
associated characteristics. In Section 3 we give a proposed MCDM method
with T IF N s based on the aggregation operators and ranking methods described in Section 2. It is also given the algorithm for ranking alternatives
versus criteria, knowing the performances of alternatives and weights of criteria, both given by T IF N s. An example is used to show the applicability of the
proposed method in Section 4. Section 5 provides other intuitionistic fuzzy
MCDM methods from the literature and the obtained results are compared.
The paper ends with a conclusive section.
2. Definitions and notations
In this section we consider the basic definitions, notations and operations
used in this paper.
Even if there are other definitions or representations of the notion of fuzzy
number, the following definition is already accepted in the scientific community
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(see [7], [12]). This definition leads also to operations between fuzzy numbers
taken from arithmetic interval by the Zadeh's extension principle.
Definition 1. (see [13]) A fuzzy number A is a fuzzy set in R, that is a
mapping A : R → [0, 1], which satisfies the following properties:
(i) A is normal, i.e. ∃x0 ∈ R such that A(x0 ) = 1;
(ii) A is fuzzy convex, i.e. A(λx1 + (1 − λ)x2 ) ≥ min{A(x1 ), A(x2 )}, for every
λ ∈ [0, 1] and x1 , x2 ∈ R;
(iii) A is upper semicontinuous in R, i.e. ∀ > 0 ∃δ > 0 such that A(x) −
A(x0 ) < , |x − x0 | < δ;
(iv) A is compactly supported, i.e. cl{x ∈ R; A(x) > 0} is compact, where
cl(M ) denotes the closure of a set M .
Trapezoidal fuzzy numbers are particular fuzzy numbers often used in
applications.
Definition 2. (see [7]) A trapezoidal fuzzy number A = (a, b, c, d), where
a ≤ b ≤ c ≤ d, is a fuzzy set in R with the membership function given by
 x−a
, if x ∈ [a, b)


 b−a
1,
if x ∈ [b, c]
µA (x) =
d−x
,
if x ∈ (c, d]


 d−c
0,
otherwise.
Definition 3. (see [1] and [3]) An intuitionistic fuzzy set in X 6= ∅ is an object

e given by A
e = x, µ e (x) , ν e (x) ; x ∈ X , where the membership function
A
A
A
µAe : X → [0, 1] and the non-membership function νAe : X → [0, 1] satisfy the
condition 0 ≤ µAe (x) + νAe (x) ≤ 1, for every x ∈ X.
T IF N s are used to represent an ill-known information in applications (see,
e.g., [8], [9], [16], [26]).
e = h(a1 , b1 , c1 , d1 ), (a2 , b2 , c2 , d2 )i is an
Definition 4. (see [16]) A T IF N A
intuitionistic fuzzy set in R, with the membership function µAe and the nonmembership function νAe defined as
 b2 −x
 x−a1
,
if
x
∈
[a
,
b
)
, if x ∈ [a2 , b2 )
1
1


b
−a


 1 1
 b2 −a2
1,
if x ∈ [b1 , c1 ]
0,
if x ∈ [b2 , c2 ]
and νAe(x) =
,
µAe(x) =
d1 −x
x−c2
,
if
x
∈
(c
,
d
]
,
if x ∈ (c2 , d2 ]


1 1


 d2 −c2
 d1 −c1
0,
otherwise
1,
otherwise
where a2 ≤ a1 ≤ b2 ≤ b1 ≤ c1 ≤ c2 ≤ d1 ≤ d2 .
e = h(a1 , b1 , c1 , d1 ), (a2 , b2 , c2 , d2 )i is said
Definition 5. (see [14]) A T IF N A
to be non-negative T IF N if and only if a2 ≥ 0.

26

DELIA A. TUŞE

Remark 1. Any trapezoidal fuzzy number A = (a, b, c, d) can be considered as
e = h(a, b, c, d), (a, b, c, d)i.
a T IF N A
We denote by T IF N (R) the set of T IF N s.
In the following we recall the following basic operations on T IF N s based
on Zadeh's extension principle.
e = h(a1 , b1 , c1 , d1 ), (a2 , b2 , c2 , d2 )i and B
e = h(a3 , b3 , c3 , d3 ), (a4 , b4 ,
Let A
e and B
e is defined
c4 , d4 )i be two T IF N s and λ a real number. The sum of A
by (see [6])
(1)

e+B
e = h(a1 + a3 , b1 + b3 , c1 + c3 , d1 + d3 ),
A
(a2 + a4 , b2 + b4 , c2 + c4 , d2 + d4 )i,

the scalar multiplication (see [6]), such as
(2)

e = h(λa1 , λb1 , λc1 , λd1 ), (λa2 , λb2 , λc2 , λd2 )i, for λ ≥ 0 and
λ·A

(3)

e = h(λd1 , λc1 , λb1 , λa1 ), (λd2 , λc2 , λb2 , λa2 )i, for λ < 0,
λ·A

the product on non-negative T IF N s (see [14]), which is an approximation of
the product obtained by Zadeh's extension principle, such as
e⊗B
e = h(a1 a3 , b1 b3 , c1 c3 , d1 d3 ), (a2 a4 , b2 b4 , c2 c4 , d2 d4 )i
(4)
A
and the rise to positive power of a non-negative T IF N , such as
eλ = h(aλ1 , bλ1 , cλ1 , dλ1 ), (aλ2 , bλ2 , cλ2 , dλ2 )i, for λ ≥ 0.
(5)
A
It is obvious that the neutral element for the sum is h(0, 0, 0, 0), (0, 0, 0, 0)i and
for the product is h(1, 1, 1, 1), (1, 1, 1, 1)i.
fi , i = {1, . . . , n} is a set of non-negative T IF N s and ωei
Suppose that A
given by a non-negative T IF N is the weight of Ai , for all i = {1, . . . , n}. Then
the W AA aggregation operator (see [29]) is W AAωe : T IF N n (R) → T IF N (R),
(6)

f1 , . . . , A
fn ) = (1/n) · (f
f1 + . . . + ω
fn ).
W AAωe (A
ω1 ⊗ A
fn ⊗ A

If ωi , i = {1, . . . , n} are given by positive crisp numbers, then the W GA
aggregation operator (see [24]) is W GAω : T IF N n (R) → T IF N (R),
(7)

f1 , . . . , A
fn ) = A
f1 ω1 ⊗ . . . ⊗ A
fn ωn .
W GAω (A

Among many ranking methods on T IF N s (see, e.g., [14], [16], [21], [27],
[28]), in this section we consider four of them. For this purpose, we recall
the definition of some numerical characteristics of the T IF N s, such as the
index, the value, the ambiguity, the value-index and the ambiguity-index, the
score, the accuracy and the expected value. The ranking methods based on
these characteristics will be used in Section 3 for ranking the alternatives in
an intuitionistic fuzzy frame.
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e = h(a1 , b1 , c1 , d1 ), (a2 , b2 , c2 , d2 )i.
We consider the T IF N A
Firstly, we consider a ranking method on T IF N s based on the index Mµβ,k
for membership function and index Mνβ,k for non-membership function (see
[14]). In the particular case when β = 31 and k = 0, these indexes are:
1
1
,0
e = 1 (a1 + 2b1 + 2c1 + d1 ), Mν3 ,0 (A)
e = 1 (a2 + 2b2 + 2c2 + d2 ).
(8) Mµ3 (A)
6
6
1

1

e Mν (A)
e = Mν3 ,0 (A).
e
e = Mµ3 ,0 (A),
Further, for simplification, we denote Mµ (A)
e and B
e be two T IF N s. Then
Definition 6. (see [14]) Let A
e ≺M B
e ⇔Mµ (A)
e < Mµ (B)
e or (Mµ (A)
e = Mµ (B)
e and − Mν (A)
e < −Mν (B)),
e
A
e ⇔Mµ (A)
e > Mµ (B)
e or (Mµ (A)
e = Mµ (B)
e and − Mν (A)
e > −Mν (B)),
e
e M B
A
e ⇔Mµ (A)
e = Mµ (B)
e and Mν (A)
e = Mν (B).
e
e ∼M B
A
The second ranking method is a ranking method on T IF N s based on the
value-index Vλ and ambiguity-index Aλ (see [28]). The value of the meme = 1 (a1 + 2b1 + 2c1 + d1 ) and the value
bership function is given by Vµ (A)
6
e = 1 (a2 + 2b2 + 2c2 + d2 ).
of the non-membership function is given by Vν (A)
6
e =
Analogously, the ambiguity of the membership function is given by Aµ (A)
1
6 (−a1 − 2b1 + 2c1 + d1 ) and the ambiguity of the non-membership function
e = 1 (−a2 − 2b2 + 2c2 + d2 ). Then the value-index and the
is given by Aν (A)
6
e are given by
ambiguity-index of A
e = λVµ (A)
e + (1 − λ)Vν (A)
e and Aλ (A)
e = λAµ (A)
e + (1 − λ)Aν (A).
e
(9) Vλ (A)
Here λ ∈ [0, 1] is a weight which represents the decision-maker’s preference
information, namely λ ∈ [0, 0.5) shows that the decision-maker prefers certainty, λ ∈ (0.5, 1] shows that the decision-maker prefers uncertainty and
λ = 0.5 shows that the decision-maker is indifferent between certainty and
uncertainty.
e and B
e be two T IF N s. Then
Definition 7. (see [28]) Let A
e ≺V A B
e ⇔ Vλ (A)
e < Vλ (B)
e or (Vλ (A)
e = Vλ (B)
e and Aλ (A)
e > Aλ (B)),
e
A
e V A B
e ⇔ Vλ (A)
e > Vλ (B)
e or (Vλ (A)
e = Vλ (B)
e and Aλ (A)
e < Aλ (B)),
e
A
e ∼V A B
e ⇔ Vλ (A)
e = Vλ (B)
e and Aλ (A)
e = Aλ (B).
e
A
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For a third ranking method, introduced in [29], we recall the following
e
definition of the score S and of the accuracy E of A:
e = (a1 − a2 + b1 − b2 + c1 − c2 + d1 − d2 )/4,
S(A)
(10)

e = (a1 + a2 + b1 + b2 + c1 + c2 + d1 + d2 )/4.
E(A)

e ∈ [−1, 1] and E(A)
e ∈ [0, 2].
If ai , bi , ci , di ∈ [0, 1], for i ∈ {1, 2} then S(A)
e and B
e be two T IF N s. Then
Definition 8. (see [29]) Let A
e ≺SE B
e ⇔ S(A)
e < S(B)
e or (S(A)
e = S(B)
e and E(A)
e < E(B)),
e
A
e SE B
e ⇔ S(A)
e > S(B)
e or (S(A)
e = S(B)
e and E(A)
e > E(B)),
e
A
e ⇔ S(A)
e = S(B)
e and E(A)
e = E(B).
e
e ∼SE B
A
Last ranking method, but not the least important, because it is simple and
has suitable properties, is based on the expected value EV (see, e.g., [6]):
(11)

e = (a1 + b1 + c1 + d1 + a2 + b2 + c2 + d2 )/8.
EV (A)

e and B
e be two T IF N s. Then
Definition 9. (see [6]) Let A
e ≺EV B
e ⇔ EV (A)
e < EV (B),
e
A
e EV B
e ⇔ EV (A)
e > EV (B),
e
A
e ∼EV B
e ⇔ EV (A)
e = EV (B).
e
A
3. Proposed trapezoidal intuitionistic fuzzy MCDM method
A MCDM problem assumes the evaluation of m alternatives A1 , . . . , Am ,
under n criteria C1 , . . . , Cn by a committee of k decision-makers D1 , . . . , Dk .
We consider that all criteria are subjective criteria or objective criteria with
respect to the benefit. The performances of alternatives versus criteria indicate
the degree that the alternatives satisfy or do not satisfy the criteria and are
given by decision-makers or experts according to the specified linguistic terms.
In addition, we know the weight of each criterion, given by the decision-makers
according to either the same linguistic terms or another. The problem is
resumed to the evaluation of alternatives and choosing the best one.
The method described in this section follows the standard steps (see, e.g.,
[4]), but our goal is to compare the results when using different aggregation
operators and/or ranking methods. The method can be summarized as follows. First we determine the average of performances, obtaining the decision
matrix and the average of weights of criteria, obtaining a vector (see Algorithm
1, Steps 1-2). Then we normalize both of them (see Algorithm 1, Steps 3-4).
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The value of each alternative is calculated using, one at a time, the aggregation operators from Section 2 (see Algorithm 1, Steps 5-7). The hierarchy
of the alternative values is determined by using one of the ranking methods
considered in Definitions 6 - 9, used one at a time, too (see Algorithm 1, Steps
8-12). We consider that the performance of an alternative Ai on a criterion
Cj in the opinion of the decision-maker Dt is given by a non-negative T IF N
rf
ijt = h(a1ijt , b1ijt , c1ijt , d1ijt ), (a2ijt , b2ijt , c2ijt , d2ijt )i and the weight of the
criterion Cj in the opinion of the decision-maker Dt is also given also by a
non-negative T IF N w
fjt = h(e1jt , f1 jt , g1 jt , h1jt ), (e2jt , f2 jt , g2 jt , h2jt )i.
For the first step of the proposed method we calculate the average rating
rf
ij of Ai versus Cj , i ∈ {1, . . . , m}, j ∈ {1, . . . , n}, in order to obtain the
decision matrix, as follows:
(12)

rf
rij1 + . . . + rg
ij = (1/k) · (g
ijk ), using (1) and (2).

Next step is the calculation of the average weight w
fj of the criterion Cj ,
j ∈ {1, . . . , n}, as follows:
(13)

w
fj = (1/k) · (g
wj1 + . . . + w
g
jk ), using (1) and (2) too.

For the next step we have to normalize the values of average performances with
respect to criteria and the values of averaged weights of criteria. This is only
necessary if the maximum value of the performances and/or respectively the
maximum value of the weights are greater than 1. We normalize as follows: if
rf
ij = h(a1ij , b1ij , c1ij , d1ij ), (a2ij , b2ij , c2ij , d2ij )i, i ∈ {1, . . . , m}, j ∈ {1, . . . , n}
and we find that α = max d2ij > 1, then
1≤i≤m
1≤j≤n

(14)

rf
f
ij = (1/α) · r
ij , using (2),

where, for simplicity, we used the same notation rf
ij for the normalized values
in decision matrix. In the same way, if w
fj = h(e1j , f1 j , g1 j , h1j ), (e2j , f2 j ,
g2 j , h2j )i, j ∈ {1, . . . , n} and we find that β = max h2j > 1, then
1≤j≤n

(15)

w
fj = (1/β) · w
fj , using (2).

We also used the same notation w
fj for the normalized values of the weights
of the criteria. Next step is to evaluate the alternatives Ai , i ∈ {1, . . . , m} by
the aggregation of the performances with weights using the W AAωe operator,
developed as
(16)

fi = (1/n) · (f
G
ri1 ⊗ w
f1 + . . . + rf
fn ), using (1), (2) and (4).
in ⊗ w

If we use the W GAω operator, for the beginning, the weights must be defuzzified using the expected value (see (11)), namely wj = EV (f
wj ), for j =
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{1, . . . , n}, then
(17)

wn
w1
fi = rf
, for i ∈ {1, . . . , m}, using (4) and (5).
⊗ . . . ⊗ rf
H
in
i1

In order to obtain the ranking of alternatives, we used, one at a time, all four
fi and H
fi .
criteria from Definitions 6 - 9, separately for G
The above method can be summarized in the following procedure.
Algorithm 1.
IN: m - alternatives
n - criteria
k - decision-makers
rf
ijt = h(a1ijt , b1ijt , c1ijt , d1ijt ), (a2ijt , b2ijt , c2ijt , d2ijt )i - performance of
the alternative Ai on criterion Cj in the opinion of the decision-maker Dt , given
by a non-negative T IF N , for all i ∈ {1, . . . , m}, j ∈ {1, . . . , n}, t ∈ {1, . . . , k}
w
fjt = h(e1jt , f1 jt , g1 jt , h1jt ), (e2jt , f2 jt , g2 jt , h2jt )i - weight of the criterion Cj in the opinion of the decision-maker Dt , given by a non-negative
T IF N , for all j ∈ {1, . . . , n}, t ∈ {1, . . . , k}
Step 1. Compute rf
ij for i ∈ {1, . . . , m}, j ∈ {1, . . . , n} as follows:
k
k
k
k
1 X
1 X
1 X
1 X
rf
a1ijt , ·
b1ijt , ·
c1ijt , ·
d1ijt ),
ij = h( ·
k
k
k
k

1
( ·
k

t=1
k
X

a2ijt ,

t=1

1
·
k

t=1
k
X

b2ijt ,

t=1

1
·
k

t=1
k
X

c2ijt ,

t=1

1
·
k

t=1
k
X

d2ijt )i.

t=1

Step 2. Compute w
fj for j ∈ {1, . . . , n} as follows:
k
k
k
k
1 X
1 X
1 X
1 X
w
fj = h( ·
e1jt , ·
f1 jt , ·
g1 jt , ·
h1jt ),
k
k
k
k

1
( ·
k

t=1
k
X
t=1

e2jt ,

1
·
k

t=1
k
X
t=1

f2 jt ,

1
·
k

t=1
k
X
t=1

g2 jt ,

1
·
k

t=1
k
X

h2jt )i.

t=1

Step 3. If α = max d2ij > 1, then for i ∈ {1, . . . , m}, j ∈ {1, . . . , n}
1≤i≤m
1≤j≤n

rf
ij = h(

a1ij b1ij c1ij d1ij
a2ij b2ij c2ij d2ij
,
,
,
), (
,
,
,
)i.
α
α
α
α
α
α
α
α
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Step 4. If β = max h2j > 1, then for j ∈ {1, . . . , n}
1≤j≤n

w
fj = h(

e1j f1 j g1 j h1j
e2j f2 j g2 j h2j
,
,
,
), (
,
,
,
)i.
β β β β
β β β β

fi for i ∈ {1, . . . , m} as follows:
Step 5. Compute G
fi = h( 1
G
n
(18)

(

1
n

n
X
j=1
n
X

(a1ij

n

n

n

j=1
n
X

j=1
n
X

j=1
n
X

1X
1X
1X
· e1j ),
(b1ij · f1 j ),
(c1ij · g1 j ),
(d1ij · h1j )),
n
n
n

(a2ij · e2j ),

j=1

1
n

(b2ij · f2 j ),

j=1

1
n

(c2ij · g2 j ),

j=1

1
n

(d2ij · h2j ))i.

j=1

Step 6. Compute wj = EV (f
wj ), for j ∈ {1, . . . , n}, using (11).
fi for i ∈ {1, . . . , m} as follows:
Step 7. Compute H
(19)

fi = h(
H

n
Y

j=1
n
Y

(

j=1

a1ij wj ,
a2ij wj ,

n
Y
j=1
n
Y
j=1

b1ij wj ,
b2ij wj ,

n
Y
j=1
n
Y
j=1

c1ij wj ,
c2ij wj ,

n
Y
j=1
n
Y

d1ij wj ),
d2ij wj )i.

j=1

fi ), Mν (G
fi ), Mµ (H
fi ) and Mν (H
fi ) for i ∈ {1, . . . , m},
Step 8. Compute Mµ (G
using (8).
Step 9. If Gi1 M Gi2 M . . . M Gim then the first descending order of
alternatives is Ai1 , Ai2 , ..., Aim , that is Ai1 is better than Ai2 and so on, Aim
is the worst alternative.
Step 10. If Hi1 M Hi2 M . . . M Him then the second descending order
of alternatives is Ai1 , Ai2 , ..., Aim .
fi ), Aλ (G
fi ), Vλ (H
fi ) and Aλ (H
fi ) for i ∈ {1, . . . , m},
Step 11. Compute Vλ (G
using (9).
Step 12. If Gi1 V A Gi2 V A . . . V A Gim then the third descending
order of alternatives is Ai1 , Ai2 , ..., Aim .
Step 13. If Hi1 V A Hi2 V A . . . V A Him then the fourth descending
order of alternatives is Ai1 , Ai2 , ..., Aim .
fi ), E(G
fi ), S(H
fi ) and E(H
fi ) for i ∈ {1, . . . , m}
Step 14. Compute S(G
using (10).
Step 15. If Gi1 SE Gi2 SE . . . SE Gim then the fifth descending order
of alternatives is Ai1 , Ai2 , ..., Aim .
Step 16. If Hi1 SE Hi2 SE . . . SE Him then the sixth descending order
of alternatives is Ai1 , Ai2 , ..., Aim .
fi ) and EV (H
fi ) for i ∈ {1, . . . , m} using (11).
Step 17. Compute EV (G
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Step 18. If Gi1 EV Gi2 EV . . . EV Gim then the seventh descending
order of alternatives is Ai1 , Ai2 , ..., Aim .
Step 19. If Hi1 EV Hi2 EV . . . EV Him then the eighth descending
order of alternatives is Ai1 , Ai2 , ..., Aim .
OUT: eight descending orders of alternatives.
The proposed algorithm was implemented obtaining a C# program that
returns all of these results for numerical examples.
4. Numerical examples
The linguistic variables are used to describe situations where the classical
quantitative values can not be used. For example, if we consider a survey and
a five-level Likert scale, the values given by a customer to the performance of
the alternatives can be in the set {very poor, poor, fair, good, very good } and
respectively to the weights of the criteria in the set {very low, low, medium,
high, very high}. Their representations by T IF N s can be, for example, those
from Table 1.
Table 1. Ratings in a five-level Likert scale
Perform. of alt.
Very poor (V P )
Poor (P )
Fair (F )
Good (G)
Very good (V G)

Weight of criteria
Very low (V L)
Low (L)
Medium (M )
High (H)
Very high (V H)

T IF N s
h(0.0, 0.1, 0.2, 0.3), (0.0, 0.1, 0.2, 0.3)i
h(0.1, 0.2, 0.3, 0.4), (0.0, 0.2, 0.3, 0.5)i
h(0.3, 0.4, 0.5, 0.6), (0.2, 0.4, 0.5, 0.7)i
h(0.5, 0.6, 0.7, 0.8), (0.4, 0.6, 0.7, 0.9)i
h(0.7, 0.8, 0.9, 1.0), (0.7, 0.8, 0.9, 1.0)i

In this section we give a numerical example, in order to illustrate the
proposed method in Section 3. The problem is taken from [27].
Example 1. (see [27]). An investment company must take a decision from
four possible alternatives to invest the money, namely, A1 - a car company,
A2 - food company, A3 - computer company and A4 - television company.
The decision must be taken according to the following three criteria: C1 - risk
analysis, C2 - growth analysis and C3 - environmental impact analysis. The
four possible alternatives are to be evaluated under the above three criteria
using the corresponding T IF N s for linguistic terms, as shown in Table 1.
The ratings of the alternatives with respect to criteria and the ratings of the
weights of criteria are given in Table 2.
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Table 2. Ratings of alternatives and weights.

D1
D2
D3
D4
D5

C1
A1 A2 A3
F F P
P F VP
F G P
G G F
P P P

Criteria / alternatives
C2
A4 A1 A2 A3 A4 A1
G G F F G F
G VG F F G P
F
G F G G F
G F
G G G F
VG G F F VG F

C3
A2 A3
VG G
VG G
VG VG
G VG
VG VG

A4
P
P
F
F
P

Criteria
C1 C2 C3
M L H
M M M
H L H
H M H
M M H

Using the proposed method, we obtain the normalized averaged ratings of
alternatives versus criteria (Steps 1 and 3 of Algorithm 1), as follows:
rf
11 = h(0.260, 0.360, 0.460, 0.560), (0.160, 0.360, 0.460, 0.660)i,
rf
21 = h(0.500, 0.600, 0.700, 0.800), (0.420, 0.600, 0.700, 0.880)i,
rf
31 = h(0.380, 0.480, 0.580, 0.680), (0.280, 0.480, 0.580, 0.780)i,
rf
41 = h(0.660, 0.760, 0.860, 0.960), (0.640, 0.760, 0.860, 0.980)i,
rf
12 = h(0.340, 0.440, 0.540, 0.640), (0.240, 0.440, 0.540, 0.740)i,
rf
22 = h(0.500, 0.600, 0.700, 0.800), (0.420, 0.600, 0.700, 0.880)i,
rf
32 = h(0.540, 0.640, 0.740, 0.840), (0.460, 0.640, 0.740, 0.920)i,
rf
42 = h(0.620, 0.720, 0.820, 0.920), (0.580, 0.720, 0.820, 0.960)i,
rf
13 = h(0.120, 0.220, 0.320, 0.420), (0.040, 0.220, 0.320, 0.500)i,
rf
23 = h(0.340, 0.440, 0.540, 0.640), (0.240, 0.440, 0.540, 0.740)i,
rf
33 = h(0.260, 0.360, 0.460, 0.560), (0.160, 0.360, 0.460, 0.660)i,
rf
43 = h(0.180, 0.280, 0.380, 0.480), (0.080, 0.280, 0.380, 0.580)i
and respectively the normalized averaged ratings of weights of criteria (Steps
2 and 4 of Algorithm 1), as follows:
w
f1 = h(0.380, 0.480, 0.580, 0.680), (0.280, 0.480, 0.580, 0.780)i,
w
f2 = h(0.220, 0.320, 0.420, 0.520), (0.120, 0.320, 0.420, 0.620)i,
w
f3 = h(0.460, 0.560, 0.660, 0.760), (0.360, 0.560, 0.660, 0.860)i.
Obviously, the values rf
fj are obtained after running the
ij and respectively w
C# program that implements the Algorithm 1 described in Section 3. The
aggregated values (Steps 5 and 7 of Algorithm 1) are:
f1 = h(0.076, 0.146, 0.235, 0.344), (0.029, 0.146, 0.235, 0.468)i,
G
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f2 = h(0.152, 0.242, 0.352, 0.482), (0.085, 0.242, 0.352, 0.623)i,
G
f3 = h(0.128, 0.212, 0.317, 0.442), (0.064, 0.212, 0.317, 0.582)i,
G
f4 = h(0.157, 0.251, 0.365, 0.499), (0.093, 0.251, 0.365, 0.619)i,
G
f1 = h(0.090, 0.171, 0.263, 0.367), (0.031, 0.171, 0.263, 0.470)i,
H
f2 = h(0.278, 0.383, 0.498, 0.623), (0.192, 0.383, 0.498, 0.742)i,
H
f3 = h(0.210, 0.308, 0.417, 0.537), (0.125, 0.308, 0.417, 0.660)i,
H
f4 = h(0.236, 0.352, 0.475, 0.606), (0.138, 0.352, 0.475, 0.699)i,
H
where the defuzzified weights are w1 = 0.53, w2 = 0.37, w3 = 0.61.
fi ), i ∈ {1, . . . ,
Therefore, for the first ranking method we obtain for Mµ (G
m} the values in the second column of the Table 3, the first four rows. Then,
using Definition 6, the ranking order is A1 ≺M A3 ≺M A2 ≺M A4 , which
means that the best alternative is A4 and the worst A1 . In order to comfi ),
pare the results, using the same ranking method, we obtain for Mµ (H
i ∈ {1, . . . , m} the values in the second column of the Table 3, the last four
rows and using Definition 6, the ranking order is A1 ≺M A3 ≺M A4 ≺M A2 .
The difference between these two hierarchies is not very significant, namely
f2 ) ∼ Mµ (G
f4 ) and Mµ (H
f2 ) ∼ Mµ (H
f4 ).
Mµ ( G
fi ),
Using the second ranking method, for λ = 0.76 we obtain for Vλ (G
i ∈ {1, . . . , m} the values in the third column of the Table 3, the first four rows.
Then, using Definition 7, the ranking order is A1 ≺V A A3 ≺V A A2 ≺V A A4 .
fi ), i ∈ {1, . . . , m} we obtain the values in the third
Analogously, for Vλ (H
column of the Table 3, the last four rows and the ranking order A1 ≺V A
A3 ≺V A A4 ≺V A A2 . The difference between these two hierarchies, in this
f2 ) ∼
case, is also not very significant given the defuzzified values, namely Vλ (G
f
f
f
Vλ (G4 ) and respectively Vλ (H2 ) ∼ Vλ (H4 ).
For the third ranking method, if we calculate the score and the accuracy acfi ) and respectively for E(G
fi ), i ∈ {1, . . . , m}
cording to (10), we obtain for S(G
the values in the fourth column of the Table 3, the first four rows and using
Definition 8, the ranking order is A1 ≺SE A3 ≺SE A2 ≺SE A4 . Then, we
fi ) and respectively for E(H
fi ), i ∈ {1, . . . , m} the values in
obtain for S(H
the fourth column of the Table 3, the last four rows and the ranking order
A1 ≺SE A3 ≺SE A2 ≺SE A4 , therefore the same hierarchy.
fi ), i ∈ {1, . . . , m}
Finally, for the last ranking method, we obtain for EV (G
the values in the fifth column of the Table 3, the first four rows and using
Definition 9, the ranking order is A1 ≺EV A3 ≺EV A2 ∼EV A4 . Analogously,
fi ), i ∈ {1, . . . , m} we obtain the values in the fifth column of the
for EV (H
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Table 3, the last four rows and the ranking order A1 ≺EV A3 ≺EV A4 ≺EV A2 ,
therefore the same hierarchy.
Table 3. Comparing hierarchies.
Agg.
W AAωe

W GAω

Rank 1 (Mµ ) Rank 2 (V0.76 )
A4 : 0.31
A4 : 0.32
A2 : 0.30
A2 : 0.31
A3 : 0.27
A3 : 0.28
A1 : 0.20
A1 : 0.21
A2 : 0.44
A2 : 0.45
A4 : 0.42
A4 : 0.42
A3 : 0.37
A3 : 0.37
A1 : 0.22
A1 : 0.23

Rank 3 (S/E) Rank 4 (EV )
A4 : −0.01/0.65
A4 : 0.32
A2 : −0.02/0.63
A2 : 0.32
A3 : −0.02/0.57
A3 : 0.28
A1 : −0.02/0.42
A1 : 0.21
A4 : 0.00/0.83
A2 : 0.45
A2 : −0.01/0.90
A4 : 0.42
A3 : −0.01/0.75
A3 : 0.37
A1 : −0.01/0.46
A1 : 0.23

Therefore, if we use the W AAωe operator, we get the same hierarchy for
every ranking method. If we use the W GAω operator, we also obtain almost
the same hierarchy, for every ranking method, with one exception, probably
due to very small differences between the aggregated values of alternatives
A2 and A4 . However, the two hierarchies obtained by different aggregation
operators differ. Specifically, regarding the worst alternative, this is definitely
A1 . Instead, regarding the best alternative, what matters actually most, can
not be predicted accurately, because using the W AAωe operator we obtain
the best alternative A4 and using W GAω operator, A2 seems to be the best
alternative. In this case it requires further study. But, in our opinion, this is
due to very similar values obtained for A2 and respectively A4 . Indeed, this
assumption is confirmed by Example 2.
Example 2. Using the same problem from Example 1, we change only two
linguistic variables in Table 2, namely for alternative A4 versus criterion C3
we assume that the decision-makers D3 and D4 choose ”very good” instead of
”fair” as it appears in Example 1.
By running the application that implements Algorithm 1, we obtain the following results. The values rf
ij remain the same, except for the A4 versus C3 , for
which we obtain rf
43 = h(0.340, 0.440, 0.540, 0.640), (0.280, 0.440, 0.540, 0.700)i.
Obviously, the values w
fj remain the same and therefore the deffuzified values
of the weights of the criteria are the same. The aggregated value of A4 using
f4 = h(0.181, 0.281, 0.400, 0.539), (0.117, 0.281, 0.400,
W AAωe operator is G
f4 = h(0.348,
0.654)i and the aggregated value of A4 using W GAω operator is H
0.464, 0.589, 0.723), (0.297, 0.464, 0.589, 0.784)i. In this case, the obtained
hierarchies coincide for all aggregation operators and for all ranking methods,
as shown in Table 4 and certainly, the best alternative is A4 .
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Table 4. Comparing the new hierarchies.
Agg.
W AAωe

W GAω

Rank 1 (Mµ ) Rank 2 (V0.84 )
A4 : 0.35
A4 : 0.35
A2 : 0.30
A2 : 0.31
A3 : 0.27
A3 : 0.28
A1 : 0.20
A1 : 0.21
A4 : 0.53
A4 : 0.53
A2 : 0.44
A2 : 0.45
A3 : 0.37
A3 : 0.37
A1 : 0.22
A1 : 0.23

Rank 3 (S/E) Rank 4 (EV )
A4 : −0.01/0.71
A4 : 0.36
A2 : −0.02/0.63
A2 : 0.32
A3 : −0.02/0.57
A3 : 0.28
A1 : −0.02/0.42
A1 : 0.21
A4 : 0.00/1.06
A4 : 0.53
A2 : −0.01/0.90
A2 : 0.45
A3 : −0.01/0.75
A3 : 0.37
A1 : −0.01/0.46
A1 : 0.23

5. Related work and comparison analysis of the results obtained
Firstly, in this section we present other relevant fuzzy MCDM approaches
from the recent literature.
In [29] it was proposed a fuzzy MCDM method that uses triangular intuitionistic fuzzy numbers, two aggregation operators, namely the arithmetic
and geometric aggregation operators and a ranking method based on score
and accuracy. Thus, the method returns two hierarchies of alternatives relative to the given criteria. Both aggregation operators and also the ranking
method have been integrated in our method, using trapezoidal intuitionistic
fuzzy numbers. We can not do a comparison with the method from [29] for
the following reason: in [29] there are used other operations with intuitionistic
fuzzy numbers than those used by us and in addition triangular intuitionistic fuzzy numbers considered in [29] are not actually triangular intuitionistic
fuzzy numbers in our acceptance, because it does not verify the conditions
from Definition 4. From our point of view not even the input data considered in Table 1 from Section 6 in [29] are not triangular intuitionistic fuzzy
numbers, therefore this is why it is not relevant to do a comparison of the
results.
In [16] it was proposed a new ranking method for triangular intuitionistic
fuzzy numbers based on value and ambiguity. The advantage of this method
is that it reflects the subjective attitude of the decision makers by using a
parameter λ ∈ [0, 1]. The proposed ranking method is exemplified in a fuzzy
MCDM method that uses a comprehensive aggregation operator. Neither this
time we do not compare the obtained results because in [16] it was used another
notation for triangular intuitionistic fuzzy numbers which has no counterpart
in our notation.
In [28] it was proposed a fuzzy MCDM method based on arithmetic aggregation operator and the ranking method based on value and ambiguity
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proposed in [16] uses trapezoidal intuitionistic fuzzy numbers. To show the
effectiveness of our method, we intend to further analyze the results from the
application in [28] compared to the results for the same problem using our
method.
In the following we consider the example from [28], Section 5.1. For this
example, they were obtained by the proposed method in [28] the hierarchies
x4 V A x2 V A x3 V A x1 for λ ∈ [0, 0.354), x4 V A x3 V A x2 V A x1
for λ ∈ [0.354, 0.947] and respectively x3 V A x4 V A x2 V A x1 for λ ∈
(0.947, 1]. In [28] the proposed method was compared to three other methods
from the literature (see [28], Table 2), getting for the same example, in the
case of all three methods the hierarchy x4  x2  x3  x1 . By considering
the parameter λ which reflects the attitude of the decision makers about the
preference for the risk, in [28] it was obtained for higher values of λ (indicating
a decision makers preference for the risk), a different hierarchy in which the
alternative x3 easily outpaced the alternative x4 . Besides, in [28] it stated
out that ”a risk-taking decision maker may prefer x3 , whereas a risk-averse
decision maker may prefer x4 ”.
If we consider the same example and treat it by the method proposed in
this paper, we get the following hierarchies, lined up in the same order as in
the examples from Section 4, namely: x4 M x3 M x2 M x1 , x4 V A
x3 V A x2 V A x1 , for λ = 0.97, x3 SE x1 SE x4 SE x2 , x4 EV
x3 EV x2 EV x1 , x3 M x4 M x2 M x1 , x2 V A x4 V A x3 V A x1 ,
for λ = 0.97, x3 SE x4 SE x1 SE x2 and x3 EV x4 EV x2 EV x1 .
The second hierarchy from the previous list was obtained with our method
using the same aggregation operator and the same ranking method as those
used in the method from [28]. But the obtained hierarchies are different.
Deeper analyzing, by our method are obtained the values Vλ (Se3 ) = 0.19 and
Vλ (Se4 ) = 0.20, for λ = 0.97, therefore very close values, but yet different. If
we replace λ = 0.97 in (42) from [28], we obtain Vλ (Se1 ) = 0.38, Vλ (Se2 ) = 0.58,
Vλ (Se3 ) = 0.59 and Vλ (Se4 ) = 0.59, therefore the hierarchy x3 ∼V A x4 V A
x2 V A x1 , which is not in contradiction with our result. Moreover, if we
use in the example from [28] the geometric aggregation operator and the same
ranking method based on value and ambiguity, we get for λ = 0.97 the values
Vλ (Se3 ) = 0.57 = Vλ (Se4 ), therefore another proof that x3 and x4 ”competing”
together for the position of the best alternative.
In conclusion, as we have seen, in the example from [28] it was obtained,
somewhat at the limit of, that x3 is the best alternative in the case when the
decision makers prefer the risk. Using our method, the alternative x3 it was
also obtained as the best alternative in the four of the eight cases.
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6. Conclusion
In this paper we used T IF N s for modelling real problems in relationship
with the MCDM. The proposed method is based on two aggregation operators, namely, the W AA operator and the W GA operator and on four ranking
methods, based on the index, value, ambiguity, value-index, ambiguity-index,
score, accuracy and expected value. The method is suitable for MCDM because it is well known that T IF N s works well with the uncertainty. We
elaborated an algorithm for the proposed method and we compared the eight
hierarchies of alternatives obtained by using each aggregation operator and
each ranking method. In the other papers it was also tried to use several
aggregation operators and/or several ranking methods in the same MCDM
method, in order to obtain more than one hierarchy of alternatives, which
could be compared and analyzed later. For example, in [29] there were used
within a proposed MCDM method the arithmetic and the geometric aggregation operators and a ranking method based on score and accuracy, thus
obtaining two hierarchies of alternatives. In the example given in [29] the two
obtained hierarchies coincided.
The proposed method is better than other existing methods in the literature (see, e.g., [21], [23]) because it preserves more information. As example,
the method proposed in [21] transforms the values of decision matrix from
T IF N s in interval numbers, uses the interval density aggregation operators
and the ranking of alternatives is based on sorting the interval numbers. Therefore, it does not use operations with T IF N s, but there is a prior defuzzification
before the application of the method. Instead, our method is operating with
T IF N s throughout the method, only at the end the results being defuzzified
for easy interpretation of the results.
In [6] it was demonstrated a bijection between the set of T IF N s and
the set of interval-valued trapezoidal fuzzy numbers and the corresponding
properties, therefore the proposed method from this paper can be applied
for interval-valued trapezoidal fuzzy numbers too. In addition, taking into
account Remark 1, it is obvious that our method generalizes other similar
methods developed for trapezoidal fuzzy numbers, for example the method
given in [4].
As future research directions, it can be seen that the proposed method can
be easily extended to other types of intuitionistic fuzzy numbers. Also, because
of the fact that trapezoidal intuitionistic fuzzy numbers are a generalization
of trapezoidal fuzzy numbers, other existing fuzzy MCDM methods that use
fuzzy numbers can be extended to intuitionistic fuzzy numbers. Last but not
least, we intend to search for other effective aggregation operators and/or
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ranking methods for the trapezoidal intuitionistic fuzzy numbers which will
be integrated in our method.
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PARALLEL TRACKING AND MAPPING WITH SURFACE
DETECTION FOR AUGMENTED REALITY
ALEXANDRU MORARU, ADRIAN STERCA, AND RAREŞ BOIAN
Abstract. This work presents PTAM-SD, a Parallel Tracking and Mapping algorithm with planar surface detection suitable for augmented reality applications in small workspaces. Our PTAM-SD algorithm tracks the
movements of the video input camera in 3D space and updates the scale
and position of the augmented reality game scene. PTAM-SD also assists
the AR game by determining a planar surface in the real environment
which is used for displaying the game scene.

1. Introduction and Related Work
Simultaneous Localization and Mapping (SLAM) is the process through
which a mobile robot builds a map of the surrounding environment and at
the same time it tracks its movement through this environment map [1]. The
robot uses odometry data to estimate its position and sensor data to extract
landmarks from the environment, landmarks which will form the map of the
environment. Examples of sensors which can be used for landmark extraction
and mapping are laser scanners, sonars and, more recently, video cameras.
Formulated mathematically, the SLAM problem implies computing the probability distribution P (Xk , m|Z0:k , X0:k−1 ) for each time k where Xk is the
location of the robot at time k, m is the map (i.e. the set of locations of all
landmarks observed so far), Z0:k is the set of all landmark observations in time
interval [0, k] and X0:k−1 is the set estimated locations of the robot in time
interval [0, k − 1]. The algorithm for solving the SLAM problem usually has
an iterative form and at each step the new position of the robot is estimated
based on a motion model, then observations are gathered from the sensors and
Received by the editors: December 31, 2015.
2010 Mathematics Subject Classification. 68T45, 68U10.
1998 CR Categories and Descriptors. I.4.8 [Image Processing and Computer Vision]: Scene Analisys – Tracking, Surface Fitting; H.5.1 [Information Interfaces and
Presentation]: Multimedia Information Systems – Artificial, augmented, and virtual realities.
Key words and phrases. parallel tracking and mapping, surface detection, augmented
reality.
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the new position is updated. Many SLAM solving algorithms use Extended
Kalman Filters [2] or particle filters [4].
Several SLAM algorithms were proposed for augmented reality applications [3]. These algorithms use a hand-held camera or the video camera of a
smart phone for getting sensor data from the environment. PTAM [3] tracks
the movements of the video camera and builds a map of the environment in
order to render an AR game. The localization and mapping processes are done
approximately separately in two threads. It does not require a fiducial image
for placing the game scene, but relies on the user to point the camera initially
at a flat (planar) surface.
In this paper we propose a parallelized SLAM algorithm with surface detection used for building augmented reality applications for small workspaces.
The augmented reality is projected on a planar surface of the environment
and, differently from PTAM [3], the planar surface is automatically detected
in the video input stream by the system.
An approach to finding planar surface for real time applications is by using
segmentation. Segmentation is an important step in many perception tasks,
such as object detection and recognition. In [6] an efficient method for segmenting organized point cloud data is presented. This approach uses the RGB
data that are available in an image and on top of that uses the 3D coordinates
of each pixel and of surface normals. There are two main algorithms that are
proposed in this paper: Connected Component algorithm and a Planar Segmentation algorithm [6]. The Connected Component Algorithm operates on
organized point cloud data. It works by partitioning an organized point cloud
into a set of segments. The Planar Segmentation Algorithm segments the
scene to detect large connected components corresponding to planar surfaces,
including walls, the ground, tables, etc. Our approach of detecting planar
surfaces involves building an approximate disparity/depth map by simulating
3D vision from consecutive frames with a slight OX displacement recorded by
the same video camera.
2. System Architecture
The system uses a smart-phone (which will be referred to as the client) for
getting sensor data from the environment (i.e. video input and accelerometer
data) and for rendering the AR game, and a computer/notebook (which will
be referred to as the server) for processing the sensor data received from the
client (i.e. tracking the smart-phone position, mapping and planar surface
detection). The client component has two running threads. On one of them,
frames are captured from the video camera and send to the server and the other
thread waits for incoming positioning data from the server; this positioning
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data tells the client application the new, updated location of the video camera
(relative to the previous location). The server component has similarly, a
receiving thread and a processing thread. The receiving thread receives frames
from the client component and pushes them in a queue, while the processing
thread removes frames from this queue, computes/updates the current location
of the video camera and the map and then it sends this updated location to
the client. Together with this information, the server also sends to the client
the position and contour of the planar surface it detected in the input video
(if any).
The client component was implemented as a hybrid project in C# and
C++ whilst the server application is entirely written in C++. All the communication between the server and the client is done using reliable, TCP
connections via an ad-hoc wireless connection. The system was tested using a
laptop with an Intel Core i5-2430M processor, with maximum processing speed
of 2.5GHz and 6GB RAM, and a Microsoft Lumia 640 with an Quad-core 1.2
GHz Cortex-A7 processor, 1GB RAM and the GPU is Adreno 305.
3. Tracking and Mapping
The tracking of camera movements is based on a feature detection and
matching algorithm and our system uses the support of the OpenCV 2.4.10
library for this. The tracking algorithm requires two consecutive frames received from a video input device, from which it detects and extracts ORB
keypoints (i.e. a combination of FAST keypoint detector and BRIEF descriptor with some modifications) [12]. We have tested several feature extraction
algorithms: SIFT [7], SURF [8], STAR (a version of [9]), MSER [10], BRISK
[11] and ORB, and the one that gave the most accurate homography was ORB.
Details about these tests are presented in [5]. In Fig. 1 we can see that ORB
gives an accurate homography and a good matching between keypoints from
two consecutive video frames with a small displacement on the 0x axis.
After the ORB feature extraction, the algorithm uses a BruteForce Matcher
to find similar keypoints in both frames and from the resulting array of matching keypoints, the algorithm computes the minimum and maximum distance
between two matching keypoints. Having these two distance values and a
(minimum) threshold of 3 times the minimum distance for two keypoints, a
series of “good“ matches is extracted. After the filtering of keypoints, the
algorithm computes the displacement (on x-axis and on y-axis) between the
two images. This computation is done firstly by calculating the difference between every two keypoints. Secondly, we compute the average displacement
between all the filtered keypoints. The homography is computed from the sets
of keypoints (one set for each frame). The homography can be computed only
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Figure 1. The matched keypoints and homography computed
using ORB features for two successive frames with a small X
displacement

if the size of both sets of keypoints is bigger than 4. The homography returns as result a matrix and from that matrix we perform a transformation of
perspective between the two images. This perspective transformation gives a
quadrilateral, which is the surface of the first frame transposed into the second
one. The tracking algorithm is depicted in the following listing:
f u n c t i o n F i n d D i s p l a c e m e n t ( image1 , image2 ) {
k e y p o i n t s I m a g e 1 = d e t e c t ( image1 ) ;
k e y p o i n t s I m a g e 2 = d e t e c t ( image2 ) ;
d e s c r i p t o r s I m a g e 1 = e x t r a c t ( image1 , k e y p o i n t s I m a g e 1 ) ;
d e s c r i p t o r s I m a g e 2 = e x t r a c t ( image2 , k e y p o i n t s I m a g e 2 ) ;
matches = BFMatcher . match ( d e s c r i p t o r s I m a g e 1 , d e s c r i p t o r s I m a g e 1 ) ;
FindMinAndMaxDistances ( matches , minDist , maxDist ) ;
goodMatches = DetermineGoodMatches ( matches , minDist ) ;
<i m a g e 1 P o i n t s , i m a g e 2 P o i n t s > = G e t I m a g e s P o i n t s ( goodMatches ) ;
<displacementX , displacementY > =
ComputeDisplacement ( i m a g e 1 P o i n t s , i m a g e 2 P o i n t s ) ;
h = findHomography ( i m a g e 1 P o i n t s , i m a g e 2 P o i n t s ) ;
perspectiveTransform ( frame1 corners , frame2 corners , h ) ;
q u a d r i l a t e r a l S u r f a c e = ComputeSurface ( f r a m e 2 c o r n e r s ) ;
}

where image1 and image2 are the two images that are compared to find the
displacement, displacementX is the computed displacement on the x-axis,
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displacementY is the computed displacement on the y-axis, h is the computed homography, stored as a matrix. The variable quadrilateralSurf ace
represents the value of the area of the first image transposed into the second
one.
In order to compute the displacement on the z-axis (i.e. zoom in/out)
we compute the surface of the quadrilateral resulted from transposing the
first image into the second one (obtained by the algorithm depicted above).
The surface of the quadrilateral is computed by drawing one diagonal of the
quadrilateral and computing the surface area of the two resulting triangles
using Heron’s formula for calculating surface areas:
(1)

Surf ace =

p
s ∗ (s − a) ∗ (s − b) ∗ (s − c),

where s is the semi-perimeter of the triangle, and a, b, c are the length of its
edges. The transposed image surface will be used to compute the displacement
on the z-axis and to scale the elements from the virtual reality on the smartphone client.
4. Mapping
Simply put, mapping is the process of initializing and adding feature points
in a 3D environment map while performing the tracking operation. The map
is initialized with the keyframes from the first frame received. After that,
whenever a new frame is received the mapping thread performs a search to
find if the frame contains new key features that were not previously added into
the map. In our system we use mapping for storing the representation and
the spatial coordinates of the detected planar surface. In the map, the system saves the approximated coordinates and dimensions of the planar surface
and its surroundings, such that when the video input device reaches in the
neighborhood of the surface, the server will tell the client to draw the game
characters on the planar surface.
The idea is to store some key features from the frame that contains the
planar surface, and at every frame processing where we determine the displacement we shall also compute the relative displacement from the features
that describe the planar surface. By making these repeated computation we
can determine (with a small error) when we returned to the initial position.
5. Surface Detection
The surface detection algorithm tries to detect a planar surface area in the
video input stream. It does this by computing a disparity map (i.e. 3D depth
map) from each pair of consecutive video frames and selects from this disparity
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map the largest area having the same (maximal) distance from the viewer. The
algorithm requires two frames received from any input device with one video
lens. The restriction imposed by this algorithm is that the two frames must
be taken consecutively and the second frame must be displaced only on the
x-axis (horizontally). In the disparity map the white pixels represents the
closest object to the camera and the black pixels the most distant object. The
algorithm’s goal is to find a surface of continuous black pixels of a maximum
area.
Due to the fact that in our PTAM-SD project we continuously send frames
to the server (from the client), we can use two frames received. We do not
take strictly two successive frames, we take a frame, skip a few frames (i.e.
5 frames) to reduce the computational costs and also to obtain an accurate
disparity map, then take the next one and compute the disparity map. So
the two selected, consecutive frames are 5-frames apart. Below, we present an
example of the disparity map obtained from two images taken with our phone
camera, that is also used to run the client in the main system. In Figure 2
we have a random frame saved from the video camera output stream. We
then saved another frame from the same video stream which is 5-frames apart
from the frame depicted in Figure 2. This second (i.e. which was obtained by
slightly moving the video camera on the right on the 0X axis) is depicted in
Figure 3. The depth map computed from these two frames is shown in Figure
4.
The resulting disparity map is not extremely accurate, but it is something
we can work with. It contains the main objects in the scene which are represented as groups of lighter pixels and this is very helpful in the process of
finding a planar surface. The drawbacks of this algorithm of finding a planar
surface in a scene with multiple objects are:
• The human error; because a human cannot move the video input device
just on the x-axis as wanted, unwillingly it will move it either on the
y- or z-axis or even both, even if it is just a little movement.
• This algorithm alone cannot make the difference between a planar
surface (like a table) and a wall.
The planar surface detection algorithm performs a search on the computed
8-bit disparity map. This algorithm searches in the received disparity map for
the largest continuing area of black pixels. Because the computational time
is important to us, we did not consider parsing all the pixels in the image,
because this will mean a very large (greater than 100 milliseconds) processing
time. Instead, we take a width step of 5 pixels and a height step of 10 pixels.
So, we parse the matrix on rows in search for the longest sequence of black
pixels. Having the array of longest sequence of black pixels from each row, we
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Figure 2. The initial frame

Figure 3. The displaced frame (obtained by moving the camera on the right)
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Figure 4. The disparity map of the two images in Fig. 2 and
Fig. 3

parse it in the search of the longest run of consecutive sequences that overlap
and the length of the overlap part is greater than a minimum threshold. The
result of all these computations are the coordinates (in pixels) of the planar
surface found by the algorithm.
The full algorithm is available below, in pseudo-code:
f u n c t i o n F i n d S u r f a c e ( image )
{
heightStep = 10;
widthStep = 5 ;
mat rixLen gth = image . GetNumberRows ( ) / h e i g h t S t e p ;
s u r f a c e M a t r i x [ mat rixLen gth ] [ 2 ] ;
f o r i = h e i g h t S t e p t o image . GetNumberRows ( ) , i = i+h e i g h t S t e p
{
f o r j = w i d t h S t e p t o image . GetNumberCols ( ) , j = j+w i d t h S t e p
{
c o l o r = image . GetColorAt ( i , j ) ;
i f ( c o l o r == ’ b l a c k ’ )
{
i n c r e a s e the curr ent se quen ce ;
continue s e a r c h i n g ;
}
else
{
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end c u r r e n t s e q u e n c e ;
i f ( c u r r e n t s e q u e n c e > max sequence )
{
max sequence = c u r r e n t s e q u e n c e ;
}
}
}
matrixPosition = i / heightStep − 1;
s u r f a c e M a t r i x [ m a t r i x P o s i t i o n ] [ 0 ] = maxSequence . G e t S t a r t I n d e x ( ) ;
s u r f a c e M a t r i x [ m a t r i x P o s i t i o n ] [ 1 ] = maxSequence . GetLength ( ) ;
}
return O p e r a t e O n S u r f a c e M a t r i x ( s u r f a c e M a t r i x , matrixLength ,
widthStep , h e i g h t S t e p ) ;
}

where the parameter image is the disparity map with 8-bit pixels, widthStep
and heightStep are the imposed steps for parsing the disparity map, and
surf aceM atrix is a two-dimensional array that keeps the coordinates of pixels (starting pixel and the number of pixels from the longest sequence of black
pixels) from each visited line. The OperateOnSurf aceM atrix function computes the largest rectangular surface enclosed in a black-colored pixels area of
the disparity map.
f u n c t i o n O p e r a t e O n S u r f a c e M a t r i x ( s u r f a c e M a t r i x , matrixLength ,
widthStep , h e i g h t S t e p )
{
f o r i = 0 t o m atrixL ength − 1
{
f o r j = i + 1 t o mat rixLe ngth
{
l i n e P i x e l s = Co m p u te O v e r l ap p i n gS u r f ac e ( s u r f a c e M a t r i x ,
i , j , widthstep ) ;
if ( linePixels is valid )
{
int c u r r e n t S u r f a c e = ( l i n e P i x e l s . GetEndingPixel ( ) −
l i n e P i x e l s . GetStartingPixel ( ) ) ∗ ( ( j − i + 1) ∗
heightStep ) ;
i f ( c u r r e n t S u r f a c e > maxSurface )
{
s a v e c u r r e n t s u r f a c e s i z e and i t s c o o r d i n a t e s ;
}
}
}
}
return s u r f a c e c o o r d i n a t e s ;
}

where surf aceM atrix is the matrix containing the data regarding longest
lines of black pixels, and lineP ixels represents the coordinates of overlapping
segments of the lines, returned by function ComputeOverlappingSurf ace.
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Variables currentSurf ace and maxSurf ace represent the area of the current rectangular surface candidate and the final chosen rectangular surface,
respectively.
f u n c t i o n C o m p ut e O v e rl a p p i ng S u r fa c e ( s u r f a c e M a t r i x , p o s i t i o n 1 ,
p o s i t i o n 2 , widthStep )
{
startingPixel = surfaceMatrix [ position1 ] [ 0 ] ;
e n d i n g P i x e l=s t a r t i n g P i x e l+s u r f a c e M a t r i x [ p o s i t i o n 1 ] [ 1 ] ∗ w i d t h S t e p ;
l i n e O v e r l a p p i n g T h r e s h o l d = 50 ∗ w i d t h S t e p ;
for i = p o s i t i o n 1 + 1 to p o s i t i o n 2 + 1
{
lineStartingPixel = surfaceMatrix [ i ] [ 0 ] ;
l i n e E n d i n g P i x e l=l i n e S t a r t i n g P i x e l+s u r f a c e M a t r i x [ i ] [ 1 ] ∗ w i d t h S t e p ;
if ( lineStartingPixel > startingPixel )
startingPixel = lineStartingPixel ;
i f ( lineEndingPixel < endingPixel )
endingPixel = lineEndingPixel ;
i f ( endingPixel − startingPixel < lineOverlappingThreshold )
return i n v a l i d ;
}
return <s t a r t i n g P i x e l , e n d i n g P i x e l >;
}

where the variable lineOverlappingT hreshold represents the minimum threshold distance that a mutual segment of the lines must meet in order for it to
be considered valid.
Applying the search algorithm on the disparity map in Fig. 4, we obtain
the planar surface highlighted in Fig. 5.
6. Virtual Reality Rendering
In order to evaluate our proposed PTAM-SD system, we developed a small
DirectX based game for smart-phones running Windows Phone 8 or better.
Our game is rendered on the smart-phone and uses the functions of PTAM-SD
in order to track the phone’s movement, render and scale the scene according
to the phone’s new position and detect a planar surface for mapping the game’s
scene on the found surface. We used several smart phones as our client besides
the one outlined in Section 2. The frame rate at which the application renders
the game scene is around 30 to 60 fps (frames per second), depending on the
device running the application.
The game draws a main cube which the user can control by moving it on
the X, Y and Z axis using buttons displayed on the phone’s touchscreen. The

PARALLEL TRACKING AND MAPPING FOR AUGMENTED REALITY

51

Figure 5. The planar surface detected

user must move the main cube so that it avoids collision with other cubes
that are continuously passing horizontally (i.e. from left to right) below, on
the same plane and above the main cube. Th user can also navigate in the
AR scene by moving the phone in 3D space. PTAM-SD will detect if the
phone moved and will adjust the game scene accordingly. PTAM-SD will also
determine a planar surface on which the game would be rendered. We can
see 2 captions with the game in figures 6 and 7. But we can not show the
whole game here, so we recorded two videos with the game which are available
here: https://www.cs.ubbcluj.ro/∼forest/research/papers/augmentedrealitycapture1.m2ts and https://www.cs.ubbcluj.ro/∼forest/research/papers/aug
mentedreality-capture2.m2ts.

7. Conclusions
In this paper we presented PTAM-SD, a SLAM-like system that tracks the
camera movement on the x-, y- and z-axis. This system also offers support for
the cameras tilt by updating all the rendered scene according to its tilt angle
and provides an important feature to AR applications that use our PTAM-SD
system, namely a planar surface detection algorithm that does not require the
user intervention, nor a fiducial image. The detected planar surface can be
used to render an AR game on, providing the consumer with an improved user
experience.
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Figure 6. Game capture #1

Figure 7. Game capture #2
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COMPARISON OF SESSION LOGIC WITH SESSION TYPES
TIBOR KISS
Abstract. The aim of this paper is to compare two states of the art
techniques of protocol verification, namely: Session Types and Session
Logic, in terms of their applicability in an industrial environment. The
evaluation was done by modelling a set of industrial protocols with both
methods, and comparing them from a qualitative point of view. For comparison, we considered the following qualitative properties of the encoded
protocols: the specification expressiveness in the encoding of safety and
functional requirements, the efficiency of the protocol from data transmission point of view and the re-usability of the specification. The results
of this comparison are summarised in three business protocol examples
which are presented in detail in this paper. Despite the fact that the two
formalism present minor differences theoretically, the experimental results
showed that the difference between the two techniques is significant.

1. Introduction
Modern programming concepts [5, 7, 17, 23] are based on the assumption that one of the primary and fundamental aspects of modern programs is
communication. This assumption is underlined by the fact that a lot of challenging aspects of programming (like the processes synchronization, access to
persistent storage systems, user interaction, the access of shared resources and
data exchange between processes) can be modelled (and implemented) with
communication.
A simple technique for addressing this issue is process calculus which provides a family of approaches for formal modelling of structured interaction,
providing a set of tools to describe the high-level communications between a
collection of independent processes. Examples of process calculi include CSP
(Communicating Sequential Processes) [19], CCS (Calculus of Communicating
Received by the editors: January 12, 2016.
1998 CR Categories and Descriptors. D.2.4 [SOFTWARE ENGINEERING]: Software/Program Verification – Formal methods; D.3.4 [PROGRAMMING LANGUAGES]: Processors – Code generation.
Key words and phrases. Proof-based development, Program Verification, Session types,
Session Logic, Separation Logic.
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Systems) [22] and π - calculus [21]. These calculi provide a set of algebraic
laws that allow formal reasoning about equivalences between processes.
Additionally, due to its importance, a number of researchers have focused
on the problems of constraining the shape of processes by way of type systems. However, the direct application of the theoretical typing techniques to
the mainstream engineering languages, presents a few obstacles. Existing type
systems are targeted at calculi with first-class primitives for linear communication channels and communication oriented control flow. The majority of
mainstream engineering languages needs to be extended in this sense to be
suitable for syntactic session type checking. As an answer to this problem,
a set of revolutionary new theories appeared in the last few years to enforce
the correctness of the processes implemented in a mainstream programming
languages via logic.
The object of this paper is to study the precise relationship between these
two formalism. In particular, for type system, we choose session types as a
widely studied formalism in this area, and we compare with session logic, a
novel formalism to verify protocol specification correctness.
The comparisons of the superficially different formalisms enlightening common underlying concepts, will hopefully improve the language design and the
programming practice for communication based computing.
In this paper, we will survey all these aspects informally, by means of examples. These examples are based on our experiments with the HIP/SLEEK
extension for session logic1. We begin in Section 2 with session types in their
global versus local formulation, where the basic concepts and formalisms are
presented. Section 3 presents the session logic as an improvement of session types which have been proposed to gain expressiveness and to catch
stronger computational properties. Section 4 is devoted to compare with examples the two formalisms into an imperative and object-oriented programming
paradigms and finally in Section 5, we quickly review the two formalisms in
the conclusion.
2. Session types
Session types are a type formalism used to model structured communicationbased programming for distributed systems [12]. In particular, binary session
types, describe the communication between exactly two participants in such
scenarios [8]. When session types are added to a standard communication
channel, it must statically enforce that client-server communication proceeds
according to a previously defined choreography. The syntax of session types is
illustrated in Fig. 1, where S is the set of closed session type terms, then the
1, which is a recently developed extension by us to verify session logic

56

TIBOR KISS

syntax can be interpreted as follows: type begin is the type of an unopened
session channel; end is a terminated session channel; K!hT i; S and K?hT i; S
indicate respectively the types for sending and receiving a message of type T
and continuation of session type S.
Select and branch, K ⊕ {li : Si }i∈I
and K&{li : Si }i∈I are sets of labelled
S ::= K!hT i; S
send
session types indicating, respectively,
K?hT i; S
receive
K ⊕ {li : Si }i∈I selection
external and internal choice. µs.S and
K&{li : Si }i∈I
branching
s model recursive session types.
µs.S|s
recursion
Usually, this typing discipline inbegin — end
begin, end
cludes also a duality function which constructs a specific dual type for any given
Figure 1. Binary Session Types.
session type. The definition of inductive
duality can be found in Fig. 2.
The duality is an important part of the theory of session types because
allows us to verify both ends of a communication channel, using the same
specification.
K!hT i.S = K?hT i.S
K ⊕ {li : Si }i∈I .S = K&{li : Si }i∈I .S
µs.S = µs.S
s.S = s.S

K?hT i.S = K!hT i.S
K&{li : Si }i∈I .S = K ⊕ {li : Si }i∈I .S
begin.S = begin.S
end.S = end.S

Figure 2. Session Types Dual Specification.
The semantics of session types is defined in terms of a subtyping relation.
A detailed definition of this semantic can be found in [1].
3. Session Logic
As far as we know, the session logic from [11] is the first to introduce a
dedicate logical theory which enables effective compile-time assertion-based
validations of protocol specification for a typed imperative program.
Different from previous approaches, session logic proposes a novel use of
disjunction to specify and verify the implementation of communication protocols. Even though the logic is based on two-party channel sessions, it can
also handle delegation through the use of higher-order channels. Furthermore,
due to the use of disjunctions to model both internal and external choices, we
need to use only conventional conditional statements to support both kinds of
choices. In contrast, session types require the host languages to be extended
with a set of specialized switch constructs to model both internal and external
choices.
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W
::= p(root, v ∗ ) ≡ Φ
Φ ::= σ ∗
σ ::= ∃ v ∗ ·κ∧π
::= requires Φpr ensures Φpo ;
::= emp | ?r · Φ | !r · Φ | ∼S | S1 ; S2 | S1 ∨ S2
::= Φ | ∆1 ∨∆2 | ∆∧π | ∆1 ∗∆2 | ∃v·∆
::= emp | v7→c(v ∗ ) | p(v ∗ ) | κ1 ∗ κ2 | C(v, S) π ::= γ ∧ φ
::= v1 =v2 | v=null | v1 6=v2 | v6=null | γ1 ∧γ2
::= r : t | ϕ | b | a | φ1 ∧φ2 | φ1 ∨φ2 | ¬φ | ∃v · φ | ∀v · φ
::= true | false | v | b1 = b2
a ::= s1 =s2 | s1 ≤s2
::= kint | v | kint ×s | s1 +s2 | −s | max(s1 ,s2 ) | min(s1 ,s2 ) | |B|
::= v∈B | B1 =B2 | B1 @B2 | B1 vB2 | ∀v∈B·φ | ∃v∈B·φ
::= B1 tB2 | B1 uB2 | B1 −B2 | ∅ | {v}

Figure 3. Session Logic Specification Language.
Additionally, session logic is based on an extension of separation logic, and
thus it supports heap-manipulating programs and copyless message passing.
As channels can support a variety of messages, the read content can be
treated as dynamically typed where conditionals are dispatched based on the
received types. Alternatively, type-safe casting can be guaranteed via the
verification of communication safety. In addition, Session Logic can go beyond
such cast safety by ensuring that heap memory and properties of values passed
into the channels are suitably captured.
The specification language in Fig. 3 allows shape predicates spred to
specify program properties in a combined domain. Note that such predicates
are constructed with disjunctive constraints Φ.
∼!r · ∆ =?r · ∆
∼(S1 ∨ S2 ) = ∼S1 ∨ ∼S2

∼?r · ∆ =!r · ∆
∼(S1 ; S2 ) = ∼S1 ; ∼S2

Figure 4. Rules for Dual Specification.
A session specification for channel v is represented by C(v, S) where S can
denote a sending communication, a receiving communication, a sequence of
communication operations and a choice of communication operations. S can
also capture pure (e.g. type) or heap properties of the exchanged messages.
An abstract program state σ has mainly two parts: the heap part and the
pure part and it is extended with several domains as: bag domain, integer
domain and the new session logic domain. During the symbolic execution,
the abstract program state at each program point will be a disjunction of σ’s,
denoted by ∆. An abstract state ∆ can be normalized to the Φ form [10]. The
rules to obtain dual specifications are given in Fig. 4.
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4. Examples
We start our comparison by extending Fig. 1 from [14], which is a business
protocol example between Buyer, Shipper and Seller.
From the beginning, the Buyer
sends the product name as a String
object to the Seller. The Seller replies
by sending the product’s price as a
double. If Buyer is satisfied with the
price, she sends a strict positive quantity as an integer to the Seller, otherwise it sends zero and quits the conversation. If the Buyer buys the product
then the Seller establishes a connection
with the Shipper in order to arrange
the transportation of the product. The
Seller provides the necessary information about the product and also delegates the Buyer connection to the Shipper. Finally, the Shipper and the Buyer
establishes the necessary detail related
to the transportation. As part of this
process, the Buyer provides to the Seller Figure 5. Buyer-Seller protocol
her address, and the Seller provides a delivery date to the Buyer. The example
from Fig. 5 is a 3-party session but can be modeled as two 2-party sessions. In
a 2-party session, one channel specification is typically sufficient for describing
the communication between two parties. We will provide an incomplete model
of the Buyer-Seller and Seller-Shipper protocols by using the following session
types to represent the Buyer’s and Shipper’s communication pattern:
buyer ty
deleg ty
shipper ty

≡
≡
≡

begin.!String.?double.! <!int.!Addr.?Date.end, !int.end >
!Addr; .?Date.end
begin.?ProductInfo.?S(deleg ty).!S(end).end

The first types specification is not accurate enough conform to the problem
requirement, because the quantity and the choice data must be interconnected
(the quantity must be greater than zero if the condition in the sendIf statement is true), so erroneous implementations such as from Fig.7 can not be
captured. More detailed specification of the protocol is not possible in the
existing session types formalism.
The dual specifications of the above session types correspond to the Seller’s
communication pattern, which are:
seller buy ty
seller ship ty

≡
≡

begin.?String.!double.? <?int.?Addr.!Date.end, ?int.end >
begin.!ProductInfo.!S(deleg ty).?S(end).end

The program from Fig.6 that implements the above protocol uses specialized branching constructs, like sendIf and receiveIf to model the internal
and external choices. Additionally, the program transmits unnecessarily a
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boolean value representing the decision of the sendIf. This value which enlarges the transmitted data size is useless because the condition can be encoded
into quantity, according to the specification.
void buyer(buyer ty c, String p) void seller(seller buy ty cb,
{ send(c, p);
seller ship ty cs)
double price = receive(c);
{ String p = receive(cb);
double budget = ...;
send(cb, getPrice(p));
sendIf (price <= budget)then{
receiveIf(cb) {
int q = ...;
int q = receive(cb);
send(c, q);
ProductInfo pi = ...;
Addr a = ...;
send(cs, pi);
send(c, a);
sendS(cs, cb);
ShipDate sd = receive(c);
cb = receiveS(cs);
send(c, 3);
}
}
}

void shipper(shipper ty c)
{ ProductInfo pi;
pi = receive(c);
deleg ty cs;
cs = receiveS(c);
Addr a = receive(cs);
ShipDate sd = ...;
send(cs, sd);
sendS(c, ss);
}

Figure 6. Session Types Business Protocol Implementation

void buyer(buyer ty c, String p)
{ send(c, p);
double price = receive(c);
int quantity = ...;
sendIf (quantity == 0)then{
send(c, quantity);
Addr a = ...;
send(c, a);
ShipDate sd = receive(c);
send(c, 3);
}

void buyer(buyer ty c, String p)
{ send(c, p);
double price = receive(c);
double budget = ...;
sendIf (price <= budget)then{
int q = 0;
send(c, q);
Addr a = ...;
send(c, a);
ShipDate sd = receive(c);
send(c, 3);
}

Figure 7. Business Protocol Erroneous Implementation
For the session logic-based approach, the above communication patterns
for Buyer, Shipper and Seller could be represented, as follows:
buyer ch
seller buy ch
deleg ch
shipper ch
seller ship ch

≡
≡
≡
≡
≡
≡

!String; ?double; ((!r:int · r>0; !Addr; ?Date)∨!0)
∼buyer ch
?String; !double; ((?r:int · r>0; ?Addr; !Date; ?int)∨?0)
!Addr; ?Date; end
?ProductInfo; ?r:Chan · C(r, deleg ch); !r:Chan · C(r, emp)
!ProductInfo; !r:Chan · C(r, deleg ch); ?r:Chan · C(r, emp)

Superficially, these logical specifications look similar to the previous session
types; however, there are several notable differences. Firstly, there is no need
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for any begin/end declarations since the protocol is expected to be locally
captured after creation. Secondly, the logic makes use of disjunction2 instead
of some specialized notations for internal and external choices. This allows us
to directly use conditionals to support choices which are naturally modelled
by disjunctive formulae during program reasoning.
Thirdly, instead of transmitting the decision of the internal choice (as true
or false in this case), we may just use values (such as greater than 0 or 0).
There are two benefits of this encoding. First, in contrast with session
types this theory allows the verification of optimal protocols. 3 Second, the
theory allows the expressing of functional properties into the protocol. Such a
well-defined functional property from the previous specification is the encoding
of the internal and external choices into quantity. The perfect encoding of this
functional requirement allows a more precise verification of the implementation
excluding errors like in Fig.7.
Most importantly, instead of types or values, the logic allows more general
properties to be passed into the channel to facilitate the verification of functional correctness properties, which can go beyond communication safety. This
includes the use of higher-order channels to model session types delegation,
where channels and their expected specifications are passed as messages.
As a simple illustration, we may strengthen channel specification by using
positive integers instead of merely integer prices. This change is captured by
the following modified channel specification for Buyer.
buyer chan
seller buy chan

≡
≡
≡

!String; !r:double · r>0; ((!r:int · r>0; !Addr; ?Date)∨!0)
∼buyer chan
?String; !r:double · r>0; ((?r:int · r>0; ?Addr; !Date)∨?0)

The specification seller buy chan is the dual specification of buyer chan.
Such dual specification is obtained by inverting the polarity of messages, where
input is converted to output and vice-versa as specified in Fig.4.
Session logic also supports separation formulae for pointer-based message
passing for shared memory implementation. Another issue worth noting is
that thread specification and channel specification needs to be different. As
an example, let us specify a stronger specification for seller’s communication
with the protocol, by insisting that price of products sold by this seller is at
least 20 units, as follows:
2

To support unambiguous channel communication, the disjunction by the receiver must
have some disjoint conditions, so that the session logic may guarantee its synchronization
with the sender.
3
The buyer ty protocol specification is not optimal because requires the transmission of
the internal choice decision, in contrast with the specificationbuyer ch which is optimal.
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?String; !r:double · r>20; ((?r:int · r>0; ?Addr; !Date; !int)∨?0)

With this change, we can write a program that implements the above
protocol, as shown in Fig. 8. Note that we can directly use conditionals
instead of the specialized switch constructs as in Fig. 6.
The benefit of this change is twofold. Firstly, the verification mechanism
can be applied to mainstream engineering languages, without the need to
extend it with communication primitives like in the case of session types.
Secondly, we can have an optimal implementation from the transmitted data
perspective because the internal and external choices can be based on the
transmitted data as in the seller function from Fig. 8.
open(cb) with buyer chan;
open(cs) with shipper chan;
(buyer(cb, prod) || seller(cb, cs) || shipper(cs));
close(cb);
close(cs);
void buyer(Chan c, String p)
requires C(c, buyer ch)
ensures C(c, emp)
{ send(c, p);
double price = receive(c);
double budget = ...;
if price <= budget then{
int q = ...;
send(c, q);
Addr a = ...;
send(c, a);
ShipDate sd = receive(c);
send(c, 3);
} else send(c, 0); }

void seller(Chan cb, Chan cs)
requires C(cb, seller buy ch)
∗C(cs, seller ship ch)
ensures C(c, emp) ∗ C(c, emp)
{ String p = receive(cb);
send(cb, getPrice(p));
int q = receive(cb);
if q > 0 then {
int q = receive(cb);
ProductInfo pi = ...;
send(cs, pi);
send(cs, cb);
cb = receive(cs);
}}

void shipper(Chan c)
requires C(c, shipper ch)
ensures C(c, emp)
{ ProductInfo pi;
pi = receive(c);
deleg ty cs;
cs = receive(c);
Addr a = receive(cs);
ShipDate sd = ...;
send(cs, sd);
send(c, cs);
}

Figure 8. Session Logic Business Protocol Implementation
Another important aspect is that the seller process specification seller sp
imposes a stronger property over the sent price, using r>20 instead of r>0
that is similar to the session types subtyping, but is more flexible.
In the end of this example, we want to emphasize the delegation as one
of the most important distinctions between session types and other communication calculus-based methods. Without the enforcement of delegation, we
cannot compare a verification method with session types. From delegation
perspective the session logic specification is precise as session types and highlights the state of the transmitted channel, which must be insured by the
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sender and can be assumed by the receiver, but unlike session types solution,
session logic uses the same send/receive channel methods for sending values,
data structures, and channels as can be seen in Fig.8.
In order to have a more precise comparison, we must take into consideration the example from [15]. The example is based on a business protocol
between a buyer and a seller. The buyer has a choice between request a quote,
accept a quote and quit. In the first case, she must send the name of a product,
and then receive the price and a reference number for the quote. In the second
case when the buyer wants to buy a product, she must send a quote reference
followed by payment information. The problem is underspecified because it is
not possible to buy an item before obtaining a quote. The session types and
session logic specifications of this problem are the following:
buyer r ty

≡

buyer ty
c buyer ty

≡
≡

req ch
buyer r ch
buyer ch

≡
≡
≡

&{reqQuote :!String.?double.?OfferId.buyer r ty,
accQuote :!OfferId.!Payment.buyer r ty, quit.end}
begin.buyer r ty
begin.reqOffer.accOffer.end
!String; ?double; ?Quote
{!1; req ch; buyer r ch∨!2; !Quote; !Pay; buyer r ch∨!3}
req ch; buyer r ch

The session types theory propose the collection of the buyer ty specification
into the c buyer ty class session type instead of annotating the method definitions with pre- and post-conditions as in session logic. This approach has
several advantages and disadvantages. The benefit is that we have an abstract
behaviour model for each class, which allows the modular verification of the
usage of classes and also the effective encapsulation of channels in objects. On
the other hand, this typing discipline is at a disadvantage compared to session
logic when it comes to functional correctness and flexibility. This logic allows
also the modular verification of communication properties (as can be seen in
Fig.9), but in contrast with session types, the methods are reusable (see Fig.1
from [15]) and the functional correctness can be enforced.
void req(Chan c, String p)
requires C(c, req ch; rest)
ensures C(c, rest)
void pay(Chan c, Payment p)
requires C(c, !2; !Quote; !Pay; rest)
ensures C(c, rest)

// C(c, buyer ch)
req(c, prod name);
// C(c, buyer r ch)
pay(c, pay inf);
// C(c, buyer r ch)
send(c, 3);
// C(c, emp)

// C(c, buyer ch)
pay(c, pay inf);
// VerificationError!!
send(c, 3);
// Invalid code!!

Figure 9. Session Logic Business Protocol Implementation
In the end, we highlight the expressiveness of session logic, by using a new
business protocol example between Buyer and Seller. The Buyer recursively
sends a read-only list of product identifiers, while the Seller responds with a
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price for each product identifier. The sequence diagram of the problem can be
found in Fig.10.
Given the following data node declaration and linked list definition:
data node{int id; node next; }

pred ll(root)

≡

root = null ∨
∃ q · root7→nodeh , qi ∗ ll(q)

The communication specification between buyer and seller can be written
using an inductive definition, as below:
buy lsp ≡ !p :node · p = null ∨ !p :node · p7→nodeh , i; ?Double; buy lsp

The protocol specification asserts that each outward transmission of a not
null node must be followed by an input of type Double. The communication
terminates once the Buyer has received a null reference from the seller, which
marks the end of the list.
The fact that the communication uses node
transmission serves a double scope: for sharing
product information and for ensuring that the
Buyer’s loop and the Seller’s loop are synchronized. As opposed to other session types enforcement techniques, the synchronization of the loops
are done via the transmitted data. Generally, the
session type techniques require a flag transmission at each iteration in order to ensure that the
loops have same iterations. In contrast, session
logic allows the verification of a more optimal im- Figure 10. List example
plementation by using separation logic to specify
and verify this example.
void buyer(Chan c)
requires C(c, buy lsp)
ensures C(c, emp)
{ node it = getItems();
recvPrices(c, it);}
void seller(Chan c)
requires C(c, ∼buy lsp)
ensures C(c, emp)
{ node it = receive(c);
if(it! = null){
send(c, price(it.id));
freeNode(it);
seller(c);}}

void recvPrices(Chan c, node it)
requires C(c, buy lsp) ∗ ll(it)
ensures C(c, emp)
{ if(it! = null){
node nxt = it.next;
int id = it.id;
send(c, it);
Double price = receive(c);
procPrice(id, price);
recvPrices(c, nxt);
} else {
send(c, it);}
}

Figure 11. Items Purchasing implementation
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5. Conclusion
The article compares two states of the art theories which try to enforce
the protocol specification via verification. Due to space limitations, we focus
on the key differences between the two formalisms.
First, session types proposals require the host language to be extended
with a set of specialized linear communication primitives like send, receive
and internal- and external−choice [15, 18, 13], therefore their type theory
cannot be applied to industrial mainstream languages. This issue is well known
in the literature, therefore, are several works which enforce the session types
specification via dynamic verification [9, 2, 20, 24, 16]. To handle the problem,
session logic uses disjunctions to model both internal and external choices, in
consequence, the hosting language can use conventional conditional statements
to support both kinds of choices.
Second, session types are not flexible enough to encode size optimized
protocols, 4 due to its limitation to have external choices based on a transmitted value. In contrast, session logic which uses logical formulas to model the
external choices allows such flexible encoding.
Third, the weak constraint constituted by typing channels with session
types is not always sufficient to detect subtle communication errors [3]. These
are caused by the fact that, viewed as constraints on behaviour, session types
have a much less restrictive power than session logic.
In addition, two downsides of session logic must be mentioned. First, there
are situations where the session logic entailment is undecidable. Second, theoretically the logic is not so founded as session types (some aspect of verification
like exception handling [6], time constraints [4] and multiparty session types
[17] are not developed).
Despite their previous drawbacks, this, apparently small change, constituted by verifying channels with logic, is sufficient to detect subtle errors in
industrial mainstream languages. In fact, it reveals to be the right setting
where concepts of deductive verification (like Hoare logic or separation logic)
for imperative program verification can be combined, for functional verification of distributed systems.
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A COMPARATIVE STUDY OF ARTIFICIAL INTELLIGENCE
METHODS FOR KINECT GESTURE RECOGNITION
ALINA DELIA CĂLIN
Abstract. This paper analyses a natural interface sensor based gesture
recognition for the purpose of capturing and using indirect user input during gaming and create a more personalised and enjoyable experience. We
have compared 38 classifiers on our own database of 30 different body postures and analysed the results for the best performing of these, in terms of
precision, accuracy and time. We have found that the best performing classifiers to use in a real-time system are SimpleLogistic, MultiClassClassifier
and RandomForest. Also, next steps are discussed in terms of combining
methods for more complex poses and gestures detection, extending the
database of body postures and exploring as well the prediction potential
of such a system.

1. Introduction
Considering some of the recent main uses of artificial intelligence in the
games domain, like solving difficult games and adapting games to enhance
user experience, this paper looks into the most practical non-entertainment
uses of video games, such as learning (educational), rehabilitation (physical
and cognitive therapies in healthcare) or solving world problems, like the case
of minority games (economical). The present requirements are focused on
improving human-computer interaction, into a more natural and intuitive way,
and to make use also of the indirect input from the user and to adapt the
system to their actual needs.
One major focus in this paper is game personalization, mostly from the
point of view of making use of the newly developed interaction hardware, like
the 3D Kinect camera. The next sections will present a review of the latest
results obtained for using AI in games, especially for Kinect-based interaction,
Received by the editors: February 23, 2016.
2010 Mathematics Subject Classification. 68T50, 68T05.
1998 CR Categories and Descriptors. H.5.2 [Information interfaces and presentation]: User Interfaces – Natural language; I.2.1 [Artificial Intelligence]: Applications and
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like gesture recognition, for which a performance comparison of the most used
methods is presented. Further, we have created our own database of poses
and compared a range of 38 classifiers on two different interpretations of the
dataset. These results are then analysed, with the purpose of deciding the
most promising methods and directions to be followed for research in this
domain.
2. Related Work
Artificial intelligence has been widely used to create and solve complex
games. Some examples of the best results are based on methods like: neural
networks, reinforcement learning, evolutionary algorithms, adversarial learning and digital pheromones. These are essential for creating competitive games
features: user profiles, complex and realistic non-player characters, and mainly
personalised gameplay and adaptive game difficulty for a better enjoyment and
engagement of the user [2]. This is important because games can be used effectively for educational or medical purposes, as they engage the user and mask
the serious educational or therapeutic purpose. These are essential for creating competitive games features: user profiles, complex and realistic non-player
characters, for a better enjoyment and engagement of the user.
Bakkes et al. [2] specify the psychological foundation and motivation for
creating personalized games and measures the effect on player satisfaction and
engagement, from the perspective of eight different components of the game
that can be adapted to the user: game space, mission/task, character, game
mechanics, narrative, music/sound, player matching (in multiplayer games)
and difficulty balancing. These aspects are of utmost importance when designing games, considering their power of entertainment and engagement from
the user, provided that games are able to adapt these parameters according
to every user’s preferences automatically. For educational and clinical games,
the more the users are engaged into playing the games, the more they will
benefit from their educational, clinical or therapeutic purpose.
Recently developed hardware sensors, such as Microsoft Kinect, are able
to integrate full body interactivity, making video games a great tool for rehabilitation in both physical and cognitive therapies. In this direction, further
work would imply combining different approaches and even domains, in order
to gain more on the whole and be able to create easily a personalised experience, by making use of the physical body language input provided by these
sensors, while interacting with the system.
2.1. Gesture recognition with Kinect. Kinect is a natural interface sensor created for gaming, but with a huge potential and perspectives for general
computer interaction based on human body language, as it detects and track
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20 human body joints in 3D. This data can be used for recognising body
gestures, actions, poses, detecting face emotions, finger sign language, interactions with the environment and environment objects. For detecting user
body language related emotions, Saha et al. [3] have compared classifiers
k-nearest neighbour, SVM (Support Vector Machine), Neural Network with
Back-Propagation Learning (NNBPL), Binary Decision Tree and Ensemble
Tree Classifier. For a set of 5 gestures (scared, angry, happy, sad, relaxed)
the best results were on Ensemble Tree (90%) and NNBPL (89%), followed by
SVM (87%) and k-NN (86%). Results of up to 100% can be obtained when
classifying a small number of very distinct poses (such as sit/stand/lie down
with NNBPL, SVM, decision tree, and naive Bayes compared in [4]). But
accuracy and precision are very dependent on the gestures to be recognized
and the methods used. Wang et al. [5] obtain good results (85%-100% accuracy) using Hidden Markov Models (HMM) on a set of 8 distinct gesture (fly
twice, wave hands twice, circle, heart, both pull, both push, Buddha gesture,
Applaud 4 times) while [6] obtain 88,2% accuracy on a different set of 20 gestures using an proposed method that gave better results than HMM, Dynamic
Temporal Warping (DTW), NN or action graph on bag of 3D points.

Figure 1. Kinect skeleton with the 20 body joints, adapted
from [1].

3. Performance Comparison of Several Classifiers
Considering that poses represent a static body configuration and that gestures can be defined as a sequence of poses, the two should be approached in
a distinct way for obtaining best results. In this paper we will focus on pose
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detection, by studying a range of classifiers and comparing their performance
results based on a database of poses that are likely to be meaningful in the
context of interacting with a serious game, in order to translate the user’s
emotions and gestures, and personalise the system accordingly.
3.1. Methods. We have created a database containing 20 different poses extracted from two individuals with different body constitutions (one male, one
female, with a difference in height of 11 cm), each pose having between 15 and
30 different entries (summing a total of 489 entries), and have used it for training and testing several classifiers using Weka 3.7 (a wide collection of machine
learning algorithms) and 10-fold cross-validation [7]. Poses were represented
by all the 20 joints provided by the Kinect sensor in 3D and indicate possible actions like talking on the phone, scratching the head (thinking), praying,
hands crossed, hands out in wonder, hands on hips, hands up (winning), covering ears or in thinker pose, using one hand or both where applicable, with
the user either standing or sitting. When comparing performance, we have
taken into account precision and accuracy, but also the computing time, in
order to establish their potential to be used in real time applications.
In order to avoid confusion of similar gestures, we have taken into account
that some poses are much better recognized by the sensor while the user is
standing, so for the poses where mainly the upper body was relevant in determining the pose, regardless of lower body position (sitting or standing), we
have split the data into standing poses and sitting poses, obtaining a total
of 30 distinct classes from the initial 20, with 15–20 entries each. We call
this dataset 30S as it has 30 classes with sitting poses differentiated. The
initial dataset with mixed sit/stand poses combined into 20 number of classes
is called 20M. For the purpose of detecting similar poses that are most likely
to be confused, we have summed up the confusion matrices of the top 11
classifiers for each dataset results accordingly.
3.2. Results. Results obtained from the classifiers are presented in Figures 2
and 3, from which we can observe that generally the best results in terms of
precision, accuracy and time taken to build the model, for both datasets, are
obtained with classifiers SimpleLogistic, MultiClassClassifier and RandomForest.
For the first dataset (20M), the best results are obtained by SimpleLogistic and LMT (accuracy 0.982, precision 0.983, but different times - 3.6 s and
19.51 respectively), followed closely by MultilayerPerceptron (accuracy 0.965,
precision 0.967, time 19.99 s). Also, five classifiers (in decreasing order of
performance: MultiClassClassifier, Logistic, RandomForest, RandomComettee and SMO) obtain vales above 0.9 for both parameters. Looking at the
type of the classifiers with the best performance, we can see that all 4 from
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Figure 2. Clasificator data mixed DB (20 classes - 20M).
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Figure 3. Clasificator data sitting DB (30classes - 30S).
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Functions make the top, 2 are Trees and 2 are Meta classifiers. None of the
Rules, Lazy or Bayes have good results (all are below 0.85 precision and accuracy).

Figure 4. Confusion matrix constructed by summing up all
the confusion matrices of the first 11 best precision classifiers
on the 20M dataset.
From the summed up confusion matrix in Figure 4 we can observe that
the most confused poses are ”praying” and ”hands crossed”, possibly because
they are very similar and also because the Kinect sensor’s accuracy is not very
good when joints are inferred and very close to each other like in these two
poses. Other common confusions are between ”hands on hips”, ”hands down”,
” servant pose” and ”hands in pocket” or between ”scratch head right”, ”hand
up right” and ”phone talk right”, mostly because of the similarity of the poses,
but the confusion matrix is not completely symmetrical relatively to the first
diagonal. Also we can notice that although ”scratch head”, ”phone talk” and
”hand up” are poses that can be done each with the left or with the right
hand, only the right hand poses are being pertinently confused, which would
suggest that the cause is not only the similarity between the poses, but also
the pose database, in terms of number of entries and data noise.
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Figure 5. Confusion matrix constructed by summing up all
the confusion matrices of the first 11 best precision classifiers
on the 30S dataset.

For the second dataset (30S), SimpleLogistic and LMT remain on top but
have lower performance equal with MultilayerPerceptron (accuracy 0.973, precision 0.76), time being the parameter that decides the top order (6.11 s, 20.68
s and 31.31 s respectively). In this case there are seven more classifiers above
0.9 accuracy and precision, five of which are present in the over 0.9 top for the
20M dataset, but in a different decreasing order of performance: RandomForest, Logistic, MultiClassClassifier, RandomComettee, IterativeClassifierOptimiser, SMO and LogiBoost. As type of classifiers, the top is composed of the
4 Functions, 2 Trees and 4 Meta classifiers. The confusion matrix in Figure
5 shows almost the same confusions as for the 20M dataset: ”hands crossed”
with ”praying”; ”hands on hips” with ”hands in pocket”, ”servant pose” and
”hands down”; ”scratch head right” with ”phone talk right”. There is no
relevant confusion between the sitting and standing poses or between several
sitting poses, and, as the sitting poses in 30S are extracted from existing entries in the 20M dataset, this would explain the increase in classifiers’ accuracy
and precision for the 30S dataset.
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By comparing the results obtained from the two datasets, we can generally
observe that a larger number of classes requires more computing time and it
also increases precision for most of the classifiers (as it clarifies the pose as a
standing or sitting one, as we always take into consideration the entire body),
except for the two top ones for the 20M (see Figures 6 and 7).

Figure 6. Top 14 Classifiers: Precision and Accuracy for the
30S dataset (marked with S, green and blue) and 20M data set
(yellow and red).

Figure 7. Time (seconds) taken for each classifier to construct
the model. Time S refers to the 30S dataset, as previous.
Generally, time to build the model is proportional with the cross-validation
time, but easier to measure than the second, so we have used it as a rough
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indicator of time consumed for real-time model adjusting (based on the realtime input from the user, that would potentially improve the database, and
such, the classifier’s performance).
3.3. Discussion. The results obtained are a good indicator for the next step
in regards with pose detection and gesture recognition. First, we can observe
very good real-time values obtained for precision and accuracy of some classifiers, which means they are reliable and adequate for emotions based poses
recognition in medical or educational video games based applications, as stated
in the paper as the main practical use of this study.
Based on this findings, we emphasize three main research directions: (1)
pose detection (that can be used in recognising emotions or other indirect
user input and generating a corresponding response, like pausing the game
or decreasing difficulty) to be extended to gesture recognition, (2) gesture
prediction (using preliminary data and incipient detected gestures, it would
be possible to determine a possible expected gesture before it is performed or
completed, which enables intervention for preventing or changing undesired
reactions of the user, for example preventing or reducing violent behaviour)
and (3) gesture generator (a large database of user gestures correctly identified
can be used in generating these movements for creating human behavioured
avatars).
Future improvements could also consist in adjusting the data in order to
obtain the best performance, as some classifiers perform worse or better with
a larger number of classes, while others are not influenced by this. This means
also to consider which classifiers would be best in dealing with: similar poses
(commonly confused), large number of poses and time, while keeping accuracy
and precision at an acceptable high level (which also need to be determined).
It is also worth considering an approach in which poses are based only on
the upper body part, ignoring the lower body, thus having less data to check
on and decreasing the computation time. This would avoid the confusion
between poses where only the upper body is relevant, but can be performed
either sitting or standing, and the necessity of separating these poses as sitting
or standing.
Further work on this study will also imply extending the database with
more entries of poses coming from a larger range of people with different body
proportions, in order to assure the scalability, and also to create a database
with gestures (sequences of poses, time dependent sequential data). Also,
using more pose data on similar gestures and a sensor with higher sensitivity
for gathering 3D data (like Kinect 2) will be considered, as we expect these
measures to greatly increase the accuracy and precision of pose recognition for
most of the classifiers.
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4. Conclusion and future work
In this paper we have showed the potential of using natural interaction
sensor based gesture recognition, by creating a database from collecting Kinect
generated body poses and training and testing several classifiers. We have
obtained very good precision and accuracy (up to 0.98) for a set of 30 poses,
some of the classifier presenting a potential for usage in real-time systems
as well. Moreover, we have analysed and compared the results and obtained
from the 38 classifiers and their behaviour in database related changes. As
such, there are several potential research directions that we can extend, from
recognising body postures based emotions and adapting the system the user
is interacting is accordingly for a better experience, up to predicting possible
movement of the user and generating emotion related poses in avatars.
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Computer Science Department, 1 Mihail Kogălniceanu Street, 400084 ClujNapoca, Romania
E-mail address: alinacalin@cs.ubbcluj.ro, alinacalin@mirarehab.com
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DISCOVERING PATTERNS IN DATA USING ORDINAL
DATA ANALYSIS
ADRIANA M. COROIU, RADU D. GĂCEANU, AND HORIA F. POP∗
Abstract. Discovering patterns in data is becoming more and more important for different fields of research. The analysis of ordinal data is
sensitive and requires special attention. In order to analyze ordinal data,
we may use various criteria. In our paper, we present a solution by using
different linkage criteria (ward, median, centroid, weighted, complete and
single linkage method) with agglomerative clustering algorithms.
To evaluate and interpret our results we have considered some internal
and external evaluation indexes for clustering (also known as cluster analysis). The experiments reveal different comparative results. To validate our
clustering results, we used pair-counting measures (Jaccard, Recall, Rand
and Fowlkes-Mallows indexes), BCubed-based measures (F1-Measure), setmatching-based measures and editing-distance measures (Purity, Precision
and Recall) for external evaluation and Silhouette index for analyzing intrinsic characteristics of a clustering (internal evaluation).
The comparative experiments for different linkage methods suggest that
for an ordinal data set, by using ward linkage methods we achieve more
accurate results in terms of cluster validity than others linkage criteria
applied to our data set.

1. Introduction
Clustering is one of the most useful methods to discover patterns in data
[21]. Due to its role related to discover structures in data, we can say that
clustering is a good tool for exploration of data. From the early ideas of the
1930s [12], this field has experienced a vast extension filed by new concepts
and computational difficulties [1]. Nowadays, the omnipresence of clustering
in our life is overwhelming.
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Comprehending information has turned into a basic goal of intelligent data
analysis (IDA), data mining (DM), sensor fusion, image comprehension, and
logic-driven system modeling. Clustering has turned into an equivalent word in
a differentiated set of philosophies and algorithms that are almost exclusively
data-driven and in which any optimization is predominantly, if not exclusively,
data-oriented.
Clustering offers ascend to an assortment of data granules whose utilization
uncovers the structure of information. Indeed, to a short and unsophisticated
search of the web for a simple search of any library database returns thousands
of hits, revealing an impressive breadth of applications: from bio-medicine
to marketing, engineering, economics, biological sciences, chemistry, military,
food engineering, finance, and education [13].
In literature, there are different data analysis methods targeting continuous data, but there are few methods for ordinal data analysis. The analysis
of ordinal data is more sensitive because we cannot apply the usual formulas,
such as mean, or standard deviation on such data.
Our aim is to study the applicability of clustering algorithms on ordinal
data. We consider a Naive agglomerative clustering approach [12] and the
Slink algorithm [26] with several linkages and we apply them on a standard
data set [16] with ordinal data.
This paper is structured as follows: Section 2 presents the main idea on
which this paper is based. Section 3 and Section 4 present important notions
related to clustering, data types, linkage methods and the agglomerative clustering algorithms that are used in the paper. Section 5 describes the performed
experiments and provides an interpretation of the obtained results, and finally,
the last section draws the conclusions and presents ideas for future work.

2. Motivation
According to the scientific literature [12, 28], clustering is one of the most
popular method of extracting essential information from data. Ordinal data
is a particular type of data, and due to its properties, is very sensitive and
require different techniques of analysis.
Ordinal data is a type of data gathered from different surveys of social
sciences such as psychology, education, sociology, medicine. In these domains,
the researchers are using different questionnaires in order to gather the information from the patients or users. The analysis of data from these domains was
the main point of start in this paper. The information that can be collected
using clustering may offer precious information for a therapist, psychologist
or sociologist.
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One of the main issues of ordinal variables is that distances, means, or
standard deviations cannot be directly computed. Even if ranks are associated
to the given categories, the size of the difference between two categories is
in general inconsistent. If the difference between categories was measurable
then the variables would be considered interval-based or ratio-based in which
case distances, mean, and standard deviation would be well-defined. Since
this is not always the case, the problem of ordinal data analysis is important
particularity in fields like economics or social-behavioural sciences, where data
is often ordinal by nature [4].
3. Theoretical background
Unlike classification, which breaks down class-labeled data sets, clustering
investigates data without class labels. The objects are clustered together based
on maximizing the intraclass similarity and minimizing the interclass similarity [2]. Clustering is the main unsupervised learning method. The learning
procedure is unsupervised since the information, samples are not class labeled.
We introduce some fundamental notions related to clustering: types of
data, distance, and similarity measures.
3.1. Challenges in clustering. Clustering is a challenging research field.
There are some requirements for clustering as a data mining tool, as well as
aspects that can be used for comparing clustering methods. The following
features should be considered:
• Scalability: Many clustering algorithms deal with small data sets containing fewer than several hundred data objects; but nowadays, a large
database may contain millions or even billions of objects. Clustering
on only a sample of a given large data set may conduct to biased results. In this case, highly scalable clustering algorithms are needed
[10].
• Ability to deal with different types of attributes: Many algorithms are
designed to cluster numeric (interval-based) data. However, applications may require clustering other data types, such as binary, nominal (categorical), and ordinal data, or mixtures of these data types.
Recently, more and more applications need clustering techniques for
complex data types such as graphs, sequences, images, and documents.
• Discovery of clusters with arbitrary shape: Numerous clustering algorithms determine clusters based on Euclidean or Manhattan distance
measures. Algorithms based on such distance measures tend to find
spherical clusters with similar size and density. However, a cluster
could be of any shape. Consider sensors, for example, which are often
deployed for environmental surveillance.
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• Requirements for domain knowledge to determine input parameters:
Many clustering algorithms require users to provide domain knowledge in the form of input parameters such as the desired number of
clusters. Consequently, the clustering results may be sensitive to such
parameters. Parameters are often hard to determine, especially for
high-dimensionality data sets and where users have yet to grasp a
deep understanding of their data. Requiring the specification of domain knowledge not only burdens users, but also makes the quality of
clustering difficult to control.
• Ability to deal with noisy data: Most data sets contain exceptions
and/or missing, obscure, or mistaken information [10]. Clustering algorithms can be sensitive to such noise and may produce poor-quality
clusters. Therefore, we need clustering methods that are robust to
noise.
• Incremental clustering and insensitivity to input order: In many applications, incremental updates (newer data) may arrive at any time.
Some clustering algorithms cannot incorporate incremental updates
into existing clustering structures and, instead, have to recompute a
new clustering from scratch. Clustering algorithms may also be sensitive to the input data order. That is, given a set of data objects,
clustering algorithms may return dramatically different clustering depending on the order in which the objects are presented. Incremental
clustering algorithms and algorithms that are insensitive to the input
order are needed [11].
• Capability of clustering high-dimensional data: An information set
can contain various measurements or qualities. When clustering documents, for instance, every keyword can be viewed as a measurement,
and there are regularly a huge number of keywords. Most clustering
algorithms are great at taking care of low-dimensional data, for example, data sets including just a few measurements. Discovering clusters
of data in a high dimensional space represents a challenge, particularly
considering that such data can be exceptionally inadequate and very
skewed.
• Constraint-based clustering: Real-world applications may need to perform grouping under different sorts of limitations. A challenging task is
to find data groups with good clustering behavior that satisfy specified
constraints.
• Interpretability and usability: Users need clustering results to be interpretable, understandable, and usable.
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3.2. Types of data – Data objects and attributes. Data sets consist of
data objects. Data objects are generally described by attributes or variables.
Data objects are also known as samples, examples, instances, data points, or
objects. If the data objects are stored in a database, they are called data
tuples. That is, the rows of a table correspond to the data objects, and the
columns correspond to the attributes. In the following section, we will have a
short description of these notions.
The world encompassing us creates different sorts of data. The formal
representation and association of patterns mirror the path in which we intend
to process the data. The most broad scientific taxonomy being in common
use distinguishes among numeric, ordinal, and nominal variables [10].
An attribute is a data field, represented as a characteristic or as a feature
of a data object. The nouns attribute, dimension, feature, and variable are
often used interchangeably in the literature. The term dimension is commonly
used in data warehousing. Machine learning literature tends to use the term
feature, while statisticians prefer the term variable. Data mining commonly
uses the term attribute. Observed values for a given attribute are known as
observations. A set of attributes used to describe a given object is called an
attribute (feature) vector.
The type of an attribute is determined by the set of possible values: nominal, binary, ordinal, or numeric. In the following subsections, we offer a short
presentation for each type.
The values of a nominal attribute are symbols or names of things. Each
value represents some kind of category, code, or state, therefore the nominal
attributes are also referred to as categorical. The values do not have any
meaningful order. Because nominal attribute values do not have any meaningful order about them and are not quantitative, it makes no sense to find
the mean or median value for such an attribute, given a set of objects.
A binary attribute is a nominal attribute with only two categories or states:
0 or 1, where 0 typically means that the attribute is absent, and 1 means that
it is present. Binary attributes are referred to as Boolean if the two states
correspond to true and false. A binary attribute is symmetric if both of its
states are equally valuable and carry the same weight; that is, there is no
preference on which outcome should be coded as 0 or 1.
An ordinal attribute is an attribute with possible values with a meaningful
order or ranking, but the difference between successive values is not known.
Ordinal attributes are useful for registering subjective assessments of qualities
that cannot be measured objectively; thus ordinal attributes are often used
in surveys for ratings. They may also be obtained from the discretisation of
numeric quantities by splitting the value range into a finite number of ordered
categories [18].
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The nominal, binary, and ordinal attributes are qualitative and these describe a feature of an object without giving an actual size or quantity. The
values of qualitative attributes are typically words representing categories. If
integers are used, they represent computer codes for the categories, as opposed
to measurable quantities.
A numeric attribute is quantitative, in other words, a measurable quantity,
represented in integer or real values. Numeric attributes can be interval-scaled
or ratio-scaled.
Interval-scaled attributes are measured on a scale of equal-size units. The
values of interval-scaled attributes have orders and can be positive, 0, or negative. Thus, in addition to providing a ranking of values, such attributes allow
us to compare and quantify the difference between values.
A ratio-scaled attribute is a numeric attribute with an inherent zero-point.
That is, if a measurement is the ratio-scaled, we can speak of a value as being
a multiple (or ratio) of another value. In addition, the values are ordered,
and we can also compute the difference between values, as well as the mean,
median, and mode.
The concept of distance is the essential component of any form of clustering
that helps us navigate through the data space and form clusters. By computing
dissimilarity, we can sense and articulate how close together two patterns are
and, based on this closeness, allocate them to the same cluster. In the case
of continuous features there is a long list of distance functions. Each of these
functions implies a different view of the data because of their geometry [3].
4. Clustering algorithms
Clustering algorithms partition the objects into groups, or clusters, so that
objects within a cluster are similar to one another and dissimilar to objects
in other clusters. Similarity is commonly defined in terms of how close the
objects are in space, based on a distance function. The quality of a cluster may
be represented, for example, by its diameter, the maximum distance between
any two objects in the cluster.
Clustering can be used as a standalone tool to gain insight into the distribution of data, to observe the characteristics of each cluster, and to focus on
a particular set of clusters for further analysis. Alternatively, it may serve as
a preprocessing step for other algorithms, such as characterization, attribute
subset selection, and classification, which would then operate on the detected
clusters and the selected attributes or features [6, 8].
4.1. Partitioning methods. Given a set of n objects, a partitioning method
constructs k partitions of the data, where each partition represents a cluster
and k <= n. That is, it divides the data into k groups such that each group
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must contain at least one object [14]. In other words, partitioning methods,
conduct a one-level partitioning on data sets. The basic partitioning methods
typically adopt exclusive cluster separation. That is, each object must belong
to exactly one group. While partitioning methods meet the basic clustering
requirement of organizing a set of objects into a number of exclusive groups,
in some situations we may want to partition our data into groups at different
levels such as in a hierarchy.

4.2. Hierarchical methods. A hierarchical method creates a hierarchical
decomposition of the given set of data objects. A hierarchical method can be
classified as being either agglomerative or divisive, based on how the hierarchical decomposition is formed.
The agglomerative approach starts with each object forming a separate
group. It successively merges the objects or groups close to one another, until
all the groups are merged into one, or a termination condition holds. The
divisive approach, starts with all the objects in the same cluster. In each
successive iteration, a cluster is split into smaller clusters, until eventually
each object is in one cluster, or a termination condition holds.
Hierarchical clustering methods can be distancing, biased or density, and
continuity based. Various extensions of hierarchical methods consider clustering in subspaces as well [25]. An agglomerative hierarchical clustering method
uses a bottom-up strategy. It typically starts by letting each object form its
own cluster and iteratively merges clusters into larger and larger clusters, until all the objects are in a single cluster or certain termination conditions are
satisfied. The single cluster becomes the hierarchys root.
For the merging step, it finds the two clusters that are closest to each other
(according to a similarity measure), and combines them to form one cluster.
Because two clusters are merged per iteration, where each cluster contains at
least one object, an agglomerative method requires at most n − 1 iterations
[18].
In the bottom-up mode known as an agglomerative approach, we treat each
pattern as a single-element cluster and then successively merge the closest
clusters. At each pass of the algorithm, we merge the two closest clusters.
The process is repeated until we get to a single data set or reach a certain
predefined threshold value.
The top-down approach works in the opposite direction: we start with the
entire set treated as a single cluster and keep splitting it into smaller clusters.
Intuitively, we can easily envision three typical ways of computing the distance
between the two clusters.
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4.3. Linkage methods used in clustering. One advantage of hierarchical
clustering algorithms over partitioning algorithms is that the number of clusters does not need to be known in advance, there is no initial assignment of
data to clusters needed, and also a distance measure between data items is not
necessary. The algorithms only need an intercluster similarity measure (which
may be based on a data point similarity measure). The most common linkage
measures are [17]:
•
•
•
•
•
•
•

single linkage;
complete linkage;
average linkage;
median linkage method;
weighted linkage method;
centroid linkage method;
ward linkage method.

In the following subsection all these linkage methods are described.
We have the next notation to describe the linkages used by the various
methods: Cluster r is formed from clusters p and q.
• nr is the number of objects in cluster r;
• xri is the i-th object in cluster r.
The single linkage or minimum distance rule starts out by finding the
two points with the minimum distance. These are placed in the first cluster.
At the next stage a third point joined the already-formed cluster of two if
the minimum distance to any of the members of the cluster is smaller than
the distance between the two closest unclustered points. Otherwise, the two
closest unclustered points are placed in a cluster. The process continues until
all points end up in one cluster. The distance between two clusters is defined
as the shortest distance from a point in the first cluster that is closest to a
point in the second [26]. This linkage method is also called nearest neighbor:
d(r, s) = min(dist(xri , xsj )), i ∈ (i, ..., nr ), j ∈ (1, ..., ns )
(1)
The complete linkage option starts out in just the same way by clustering
the two points with the minimum distance. However, the criterion for joining
points to clusters or clusters to clusters involves the maximum (rather than
minimum) distance. That is, a third point joined the already formed cluster
if the maximum distance to any of the members of the cluster is smaller than
the distance between the two closest unclustered points. In other words, the
distance between two clusters is the longest distance from a point in the first
cluster to a point in the second cluster. This linkage method is also called
furthest neighbor [27]:
d(r, s) = max(dist(xri , xsj )), i ∈ (i, ..., nr ), j ∈ (1, ..., ns )
(2)
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The average linkage option starts out in the same way as the other two.
However, in this case the distance between two clusters is the average distance from points in the first cluster to points in the second cluster. The
average linkage uses the average distance between all pairs of objects in any
two clusters:
P r Pnr
(3)
d(r, s) = nr1ns ni=1
j=1 dist(xri , xsj )
The median linkage uses the euclidean distance between weighted centroids
of the two clusters:
d(r, s) = ||xer xes ||2
(4)
where xer and xes are weighted centroids for the clusters r and s. If cluster
r was created by combining clusters p and q, xer is defined recursively as:
xer = 12 (f
xp + xeq )
(5).
The weighted average linkage uses a recursive definition for the distance
between two clusters.
If cluster r was created by combining clusters p and q, the distance between
r and another cluster s is defined as the average of the distance between p and
s and the distance between q and s:
(6)
d(r, s) = d(p,s)+d(q,s)
2
Centroid linkage uses the euclidean distance between the centroids of the
two clusters:
d(r, s) = ||xr −P
xs ||2
(7)
nr
1
where xr = nr i=1 xri .
Wards linkage method starts out by finding two points with the minimum
within groups sum of squares. The points continue to be joined to the first
cluster or to other points depending on which combination minimizes the error
sum of squares from the group centroid. This method is also known as a kmeans approach. Closely related to the Wards algorithm is the Howard-Harris
algorithm. The Howard-Harris algorithm is a hierarchical divisive method
which uses the k-means method of assigning cases to the clusters [27].
Ward’s linkage uses the incremental sum of squares, that is, the increase
in the total within-cluster sum of squares as a result of joining two clusters.
The within-cluster sum of squares is defined as the sum of the squares of the
distances between all objects in the cluster and the centroid of the cluster.
The sum of squares measure is equivalent to the following distance measure
d(r, s):
q
r ns
d(r, s) = (n2nr +n
||xr − xs ||2
(8)
s)
where xr and xs are the centroids of clusters r and s, nr and ns are the
number of elements in clusters r and s. In some references the Ward linkage
does not use the factor of 2 multiplying nr and ns .
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4.4. Cluster validity. In order to establish the quality of the results gathered
in a clustering, we can analyze the external validation indexes and the internal
validation indexes [19].
• External validation. In external validation, the quality of the algorithm
is evaluated by comparing the resulting clusters with pre-specified information. There are many external validation measures like Purity,
Rand, Entropy, Jaccard coefficient or Fowlkes-Mallows Index (FM)
[7]. The clusters formed are evaluated and interpreted according to
the distance between data points and cluster centers of each cluster
[15].
• Internal validation. For internal validation, the evaluation of the resulting clusters is based on the clusters themselves, without additional
information or repeating of the clustering process. This family of techniques is based on the assumption that the algorithms should search for
clusters whose members are close to each other and far from members
of other clusters.
5. Computational experiments
Clustering is the process of partitioning a set of data objects (or observations) into subsets. Each subset is a cluster, such that objects in a cluster are
similar to one another, yet dissimilar to objects in other clusters. In this context, different clustering methods may generate different clustering tree on the
same data set. Hence, clustering is useful in that it can lead to the discovery
of previously unknown groups within the data.
Hierarchical clustering algorithms may be identified as either hierarchical
agglomerative or hierarchical divisive, meaning that they contract or expand
the space between groups of points in the multivariate space. Wards method
and complete linkage rules are of the divisive variety and tend to create clusters of roughly equal size that are hyper-spherical in form. The average linkage
method neither expands nor contracts the original space, while the single linkage tends to agglomerate or contract the space between groups of points in
multivariate space.
The experiments reveal different results. Based on them, we provide comparisons. To validate our clustering results, we have the following measures,
pair counting measures, BCubed based measures, set matching based measures and editing distance measures - for external evaluation and Silhouette
index for analyzing intrinsic characteristics of a clustering resulted structure internal evaluation.
For all these measures of validation in our experiments we gathered values
of the specified index of them. For pair counting measures, we have values
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for the following indexes: Jaccard, Recall, Rand and Fowlkes-Mallows indexes
and for set matching based measures and editing distance measures we have
values for Purity, Precisions and Recall.
The Jaccard index is a common index for binary (and non-binary) variables
[17].
If x = (x1 , ..., xn ) and y = (y1 , ..., yn ) are two vectors with all real and
positive xi , yi ,Pthen the Jaccard similarity coefficient is defined as:
min(x ,y )
J(x, y) = P i max(xii ,yii )
(9)
i
The Rand index in statistics, and in particular in data clustering, is a
measure of the similarity between two data clustering trees. Rand index is
related to the accuracy, but is applicable even when class labels are not used
[23].
For a set of n elements S = (o1 , ..., on ) and two partitions of S to compare, X = (X1 , ..., Xr ), a partition of S into r subsets, and Y = (Y1 , ...Ys ),
a partition of S into s subsets, and with the definition of the following: a –
the number of pairs of elements in S that are in the same subset in X and
in the same subset in Y ; b – the number of pairs of elements in S that are in
different subsets in X and in different subsets in Y ; c – the number of pairs
of elements in S that are in the same subset in X and in different subsets in
Y ; d – the number of pairs of elements in S that are in different subsets in X
and in the same subset in Y , we have:
a+b
(10)
R = a+b+c+d
For Fowlkes-Mallows index we have the following [7]: two clustering trees
of n objects identified A1 and A2 . The trees A1 and A2 can be cut to produce
k ∈ {2, . . . , n − 1} clusters for each tree. And for each value of k, we have:
M = [mi,j ], i ∈ {1, . . . , k} and j ∈ {1, . . . , k} where mi,j is of objects common
between the i−th cluster of A1 and j−th cluster of A2 . Fowlkes-Mallows index
(Bk ) can then be computed for every value of k and we have 0 ≤ Bk ≤ 1. For
a specific value of k we have the formula (11):
(11)
Bk = √PTkQ
Pkk kPk
Tk = i=1 j=1 m2i,j − n
(12)
Pk Pk
2
(13)
Pk = i=1 ( j=1 mi,j ) − n
Pk Pk
2
Qk = j=1 ( i=1 mi,j ) − n
(14)
Fowlkes-Mallows index showed that on using two unrelated clustering
trees, the value of this index approaches zero as the number of total data
points chosen for clustering increase; whereas the value for the Rand index
for the same data quickly approaches making Fowlkes-Mallows index a much
accurate representation for unrelated data [7].
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In order to compute the purity of a set of clusters, first, we calculate the
purity for each cluster, according to formula (15):
Pj = n1j M ax(nij )
(15)
In other words, Pj is a fraction of the overall cluster size that the largest
class of objects assigned to that cluster represents. The overall purity of the
clustering solution is obtained as a weighted sum of the individual cluster
purities and given
P as:
nj
(16)
P urity = m
j=1 n Pj
Were nj is the size of cluster j, m is the number of clusters, and n is the
total number of objects [15].
For computations of the recall and precision indexes we have the following
formulas [9].
n
Recall(i, j) = niji
(17)
n
(18)
P recision(i, j) = nijj
Were nij is the number of objects of class i that are in cluster j, nj is the
number of objects in cluster j and ni is the number of objects in class i.
The silhouette is the average, over all clusters, of the silhouette width
of their points. If x is a point in the cluster Ck and nk is the number of
points in Ck, then the silhouette width of x is defined by the ratio where
a(x) is the average distance between x and all other points in Ck, and b(x) is
the minimum of the average distances between x and the points in the other
clusters [20].
For a given point x, its silhouette width ranges from 1 to 1. The higher
the silhouette, the more compact and separated are the clusters [24].
The Silhouette coefficient is an example of such an evaluation, where a
higher Silhouette coefficient score relates to a model with better defined clusters. The Silhouette coefficient is defined for each sample and is composed of
two scores [24]: a – the mean distance between a sample and all other points
in the same class and b – the mean distance between a sample and all other
points in the next nearest cluster.
The Silhouette coefficient s is given as:
b−a
(19)
s = max(a,b)
First data set used in our experiment was the Dermatology data set [16] —
a data set with 366 instances and 33 attributes and the attribute characteristics
are categorical. In this data set, every feature (clinical and histopathological)
was given a degree in the range of 0 to 3. A value of 0 indicates that the
feature was not present, 3 indicates the largest amount possible, and a value
of 1 or 2 indicates the relative intermediate values.
The second data set used in our experiment was Chronic Kidney Disease
data set [16]. The original data set Chronic Kidney Disease is a data set
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with 400 instances and 24 attributes divided in 11 numeric attributes and 13
nominal attributes. In order to have an ordinal data set, we create a subset of
this original data set. To get the ordinal subset for Chronic Kidney Disease
Data Set, we have performed the following: we have deleted the nominal
attributes and we process the numeric attributes. The 11 remaining attributes
are: blood pressure, albumin, blood glucose, blood urea, serum creatinine,
sodium, potassium, hemoglobin, packed cell volume, white blood cell count
and red blood cell count. We scaled these numerical values and we transformed
the numerical values in three ordinal values: small (coded with 1), medium
(coded with 2) and high (coded with 3).
For our experiment, we have used an open source data mining software
written in Java called ELKI [5]. We have performed experiments with two
agglomerative clustering algorithms: Slink and Naive agglomerative clustering
algorithm. For these two algorithms we have chosen different linkage criteria
(ward, median, centroid, weighted, complete, average and single linkage).
In order to evaluate our results, we have used several measures for internal and external evaluation of a clustering. For external evaluation, we have
chosen the following methods of evaluation: pair counting measures, BCubed
based measures, set matching based measures, editing distance measures.
Pair counting measures are an approach based on counting pairs of objects
that are classified in the same way in both clustering trees. For Pair counting
measures we have gathered the following values, indexes: Jaccard, Recall,
Rand and Fowlkes-Mallows indexes.
The Jaccard index has values between 0 – independent clustering tree
and 1 - identical clustering tree. The Rand index is an index which correctly
classifies pairs of elements, its value between 0 and 1; he value 1 means that
two partitions perfectly agree. The FM is an external evaluation method that
is used to determine the similarity between two clusters. A higher value for
Fowlkes-Mallows index indicates a greater similarity between two clusters [22].
Our experiments show a greater value of Jaccard, Rand and FowlkesMallows indexes if we have applied ward linkage method in comparisons to
other linkage method analyzed (median, centroid, weighted, complete, average
and single linkage). Consequently, ward linkage method provides an accurate
clustering than another linkage methods applied in an agglomerative clustering algorithm. The second evaluation methods on which we have values of
indexes is BCubed-based measures – BCubed metrics decompose the evaluation process estimating the precision and recall associated with each item in
the distribution. The item precision represents how many items in the same
cluster belong to its category. At the same time, the recall associated with
one item represents how many items from its category appear in its cluster.
BCubed metrics independently compute the precision and recall associated to
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Index/Linkage Method
Ward
(Algorithm) for 2 data sets Nave Slink
0.19 0.65
Jaccard
0.23 0.67
0.19 0.65
Recall
0.23 0.67
0.21 0.65
Rand
0.24 0.67
0.44 0.81
FowlkesMallows
0.47 0.83
0.45 0.87
F1-Measure
0.50 0.89
0.29 0.78
Purity
0.30 0.79
0.98 0.97
Precision
0.97 0.96
0.63 0.35
Silhouette
0.64 0.40

Median
Nave Slink
0.23 0.27
0.26 0.31
0.23 0.27
0.26 0.31
0.44 0.47
0.45 0.48
0.48 0.52
0.49 0.55
0.53 0.56
0.55 0.60
0.39 0.43
0.41 0.46
0.84 0.85
0.83 0.84
0.69 0.67
0.71 0.69

Centroid
Nave Slink
0.51 0.52
0.55 0.55
0.51 0.52
0.55 0.55
0.63 0.64
0.68 0.67
0.71 0.72
0.73 0.74
0.71 0.72
0.73 0.74
0.61 0.62
0.66 0.63
0.85 0.86
0.83 0.84
0.63 0.62
0.64 0.64
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Complete
Nave Slink
0.19 0.27
0.22 0.32
0.19 0.27
0.22 0.32
0.21 0.29
0.25 0.35
0.43 0.52
0.47 0.55
0.47 0.57
0.50 0.59
0.32 0.41
0.35 0.44
0.97 0.97
0.95 0.96
0.62 0.60
0.64 0.62

Single
Nave Slink
0.19 0.60
0.22 0.64
0.19 0.75
0.22 0.75
0.41 0.90
0.47 0.91
0.43 0.75
0.48 0.77
0.50 0.83
0.53 0.88
0.36 0.84
0.38 0.88
0.83 0.83
0.80 0.81
0.70 0.47
0.78 0.52

Table 1. Values achieved. Columns represent achieved index
for both algorithms in different linkage methods

each item in the distribution. The precision of an item represents the amount
of items in the same cluster that belong to its category. The recall of an item
represents how many items from its category appear in its cluster. In our case,
our experiments outline a higher value of precision which means that the cluster achieved is more precision-oriented. A higher value of precision is achieved
applied no matter of the linkage methods on agglomerative algorithms.
We can reach a maximum value for inverse purity by making a single cluster
with all items. In our experiments, the results show a lower value of inverse
purity and a higher value of purity, which means that the clustering methods
return good results. The results of the purity achieved by applying our linking
criteria shows that if we chose the single linkage method, for purity we received
a higher value (0.84 and 0.88) than if we have been chosen ward linkage method
(value of purity 0.78 and 0.79), so according to this measurement set matching,
the single linkage criteria provides better results than other linkage criteria.
For the internal evaluation of a clustering, the analyzed and achieved value
is the silhouette index, which validates the clustering performance based on
the pairwise difference between cluster distances. In our experiments, we
have obtained a higher value with ward linkage methods than with single
linkage methods. The values are between 0.50 and 0.70 and these outline that
reasonable structure has been found.
Table 1 shows the results of the two algorithms using different linkage
criteria, using two ordinal data sets.
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6. Conclusion and future work
The aim of this paper was to study the agglomerative clustering algorithms
in the case of an ordinal data sets. We have performed tests using Naive
algorithm and Slink agglomerative clustering algorithm. We have studied
the appropriate linkage criteria to be used for particular algorithms. Our
experiments reveal good results in term of clustering evaluation for the ward
linkage criteria as compared to other linkage criteria.
One of the future point of our research is related, first to outlier detection
for ordinal data and, second, to the knowledge based clustering and as well as
figuring out a way to introduce robustness via fuzzy logic.
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[8] R. D. Găceanu, H. F. Pop, An adaptive fuzzy agent clustering algorithm for search
engines. In: Macs 2010 8-Th Joint Conference on Mathematics and Computer Science.
(2011), 185.
[9] C. Goutte, E. Gaussier, A Probabilistic Interpretation of Precision, Recall and F-score,
with Implication for Evaluation, Xerox Research Centre Europe 6, (2004), 345-359.
[10] J. Han, M. Kamber, J. Pei, Data Mining: Concepts and Techniques, Morgan Kaufmann
Publishers Inc., San Francisco, CA, USA, 3rd edition, 2011.
[11] P. Hansen, B. Jaumard, Cluster analysis and mathematical programming, Mathematical
programming, 79(1-3), (1997), 191-215.
[12] J. A. Hartigan, Clustering algorithms. John Wiley Sons, (1975).
[13] D. B. Henry, P. H. Tolan, D. Gorman-Smith, Cluster analysis in family psychology
research, Journal of Family Psychology, 19(1), (2005), 121.

ORDINAL DATA ANALYSIS

93

[14] S. Kotsiantis, P. Panayiotis, Recent advances in clustering: A brief survey, WSEAS
Transactions on Information Science and Applications, 1 (2004), 73-81.
[15] F. Kovcs, C. Legny, A. Babos, Cluster validity measurement techniques, In 6th International symposium of hungarian researchers on computational intelligence, (2005), 18-19.
[16] M. Lichman, UCI Machine Learning Repository, Irvine, University of California, School
of Information and Computer Science, (2013).
[17] D. Lin, An information-theoretic definition of similarity, ICML Vol. 98, (1998), 296-304.
[18] J. Podani, Multivariate exploratory analysis of ordinal data in ecology: pitfalls, problems
and solutions, Journal of Vegetation Science, 16, 5, (2005), 497-510.
[19] M. Halkidi, Y. Batistakis, M. Vazirgiannis, On clustering validation techniques, Journal
of Intelligent Information Systems, 17(2), (2001), 107-145.
[20] Y. Liu, Z. Li, H. Xiong, X. Gao, J. Wu, Understanding of internal clustering validation
measures, 10th International Conference on IEEE. (2010), 911-916.
[21] F. Murtagh, A survey of recent advances in hierarchical clustering algorithms, The
Computer Journal, 26(4), (1983), 354-359.
[22] R. Real, Tables of significant values of Jaccard’s index of similarity, Miscel lnia Zoolgica
22, no. 1 (1999): 29-40.
[23] E. Rendn, I. Abundez, A. Arizmendi, E. Quiroz, Internal versus external cluster validation indexes, International Journal of computers and communications, 5(1), (2011),
27-34.
[24] P. J. Rousseeuw, Silhouettes: a graphical aid to the interpretation and validation of
cluster analysis, Journal of computational and applied mathematics, 20, (1987), 53-65.
[25] S. Salvador, P. Chan, Determining the number of clusters/segments in hierarchical clustering/segmentation algorithms, In Tools with Artificial Intelligence, 2004, 16th IEEE
International Conference on IEEE. (2004), 576-584
[26] R. Sibson, SLINK: an optimally efficient algorithm for the single-link cluster method,
The Computer Journal, 16(1), (1973) 30-34.
[27] G. J. Szekely, M. L. Rizzo, Hierarchical clustering via joint between-within distances:
Extending Wards minimum variance method, Journal of classification, 22(2), (2005),
151-183.
[28] R. Xu, D. Wunsch, Survey of clustering algorithms, Neural Networks, IEEE Transactions, 16(3), (2005), 645-678.
Department of Computer Science, Babeş-Bolyai University, 1 M. Kogălniceanu
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C# EXTENSION METHODS VERSUS JAVA DEFAULT METHODS
IN THE CONTEXT OF MIXDECORATOR PATTERN
VIRGINIA NICULESCU

Abstract. Decorator design pattern is a very well-known pattern that allows
additional functionality to be attached to an object dynamically. Decorators
provide a flexible alternative to subclassing for extending functionality. MixDecorator is an enhanced variant of the Decorator, which does not just eliminate
some constraints of the original one, but also allows it to be used as a base for
a general extension mechanism. This pattern introduces significant flexibility by
allowing direct access to all added responsibilities.
MixDecorator implementation imposes some constraints and we analyze and compare the implementation solutions in two of the most important mainstream
object-oriented languages: Java and C#. This also leads to a comparison analysis between C# extension methods and Java default methods, or virtual extension methods as they are also called, in a more general context of trait-based
programming.

1. Introduction
The authors of GoF Design Patterns book [2] consider that ’delegation’ is an
extreme form of object composition that can always be used to replace inheritance.
Decorator pattern is one of the patterns that express well exactly these issues.
There are many situations when we want to add a combination of additional
capabilities onto an object. However, the additional capabilities we want could be
highly variable, and could extend the interface of the base object. We also may want
all additional responsibilities to be directly available.
The classical Decorator pattern offers a solution to extend the functionality of an
object in order to modify its behavior. It is usually agreed that decorators and the
original class object share a common set of operations.
Still, when we want to add new responsibilities, and not just to change the behavior of the existing ones, the classical Decorator pattern allows us to define such a
decoration, but the new responsibilities are accessible only if they are defined in the
last added decoration.
Received by the editors: February 12, 2016.
2010 Mathematics Subject Classification. 68P05.
1998 CR Categories and Descriptors. D.1.5 Object-oriented Programming D.3.3Language Constructs and FeaturesPatterns E.1DataData Structure .
Key words and phrases. object-orientation, patterns, decorator, responsibilities, languages, Java,
C#.
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MixDecorator pattern [3] does not just eliminate some constraints of the classical
pattern (e.g. limitation to one interface), but also allows it to be used as a base for
a general extension mechanism. Using it, we may combine different responsibilities,
have direct access to all, and operate with them in any order.
We present in this paper a comparison analysis between the implementations of
this pattern – as a case study – in two of the most important mainstream objectoriented languages: Java and C#. MixDecorator imposes some constraints and C#
extension methods and Java default methods, need to be used.
This analysis represents a base for a more general analysis between C# extension
methods and Java virtual extension methods, or default interface methods as they
are also called, in the more general context of trait-based programming.
The paper is structured as follows: the second section briefly describes extension
methods in C# and Java, and the next section succinctly presents the Decorator
pattern and emphasizes the constraints imposed by the classical version of it. Section 4
describes the MixDecorator pattern. In the following two sections the implementations
in Java and C# are discussed; a comparison analysis of these two is done in section
7. Conclusions and future work are presented in section 8.
2. Extension Methods in C# and Java
Java 8 introduces default methods in interfaces; they are also called virtual extension methods. The primary intent of this feature was to allow interfaces to be
extended over time while preserving backward compatibility. Implicitly, interfaces in
Java provide multiple type-inheritance, in contrast to class-inheritance. Still, Java 8
interfaces introduce a form of multiple implementation inheritance, too. A default
method is a virtual method that specifies a concrete implementation within an interface: if any class implementing the interface will override the method, the more
specific implementation will be executed. But if the default method is not overridden,
then the default implementation in the interface will be executed[6]. It is also considered that Java 8 interfaces can be exploited to introduce a trait-oriented programming
style [1].
In C# we have a mechanism called “extension methods” that allows adding new
methods to a class after the complete definition of the class [5]. They allow the
extension of an existing type with new functionality, without having to sub-class or
recompile the old type. The mechanism allows only static binding, and so the methods
that could be added to a class cannot be declared virtual. In fact, an extension method
is a static method defined in a non-generic static class, and can be invoked using an
instance method syntax.
3. Decorator pattern and its constraints
The Decorator pattern is a structural pattern used to extend or alter the functionality of objects at run-time by wrapping them in an object of a decorator class.
This pattern is designed such that multiple decorators can be stacked on top of each
other, each one adding new functionality to the overridden method(s) [2].
This means that objects based upon the same underlying class can be decorated
in different ways. In addition, as both the class of the object being modified and the
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Figure 1. The class diagram of the standard Decorator pattern.
class of the decorator share a base class, multiple decorators can be applied to the
same object to incrementally modify behavior.
3.1. Limitations of the classical Decorator pattern. As a possible usage scenario we may consider that we have n responsibilities intended to be defined as decorations for a base class IComponent. These responsibilities are defined as methods
– f1, f2, ..., fn. As the pattern specifies, n decorator classes will be defined
(Decorator1, Decorator2 . . . Decoratorn), each defining the corresponding method,
and they are all derived from a decoration class DecoratorBase, which is in turn derived from IComponent. Theoretically, we may obtain any combination of decorations
but we only have the base class interface available.
So, if there are some responsibilities that are really new responsibilities (that
change the object interface) and they are not used just to alter the behavior of the
operations defined in the base class, they will be accessible only if the last decoration
is the one that defines them. We will refer to this kind of decorations as interface
responsibilities. More concretely, if responsibility f1 is a new interface responsibility
and it is defined in the class Decorator1, then the corresponding message could be
sent only to an object that has the Decorator1 decoration, but also only if this is the
last added decoration.
4. MixDecorator
By using MixDecorator we are able to attach a set of additional responsibilities
to an object dynamically, and to allow direct access to all added responsibilities. It
provides an alternative to subclassing for extending objects functionality and their
types also (by extending the set of messages that could be sent to them) [3].
The solution of the MixDecorator is inspired by the Decorator but there are several
important differences. As for simple decorators we enclose the subject in another
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Figure 2. The class diagram for the MixDecorator pattern.
object, the decorator object, but the decorator could have an interface that extends
the base interface.
The general solution is presented in Figure 2. This makes a clear separation
between IComponent and DecoratorBase by introducing a general IDecorator interface
that extends IComponent and adds only getBase() method (this method is considered
mandatory). The concrete class DecoratorBase has almost the same definition as
the corresponding class from the classical Decorator (the difference is the additional
method getBase()).
For a particular application, after the new responsibilities are inventoried, then,
particular IDecoratorOperations and ConcreteDecoratorBase are defined.
IDecoratorOperations defines the methods that correspond to all new responsibilities. ConcreteDecoratorBase is derived from DecoratorBase but also implements
IDecoratorOperations. The interface is introduced in order to emphasize the new
added resposibilities.
The following code snippet emphasizes the forces fulfilment; the execution throws
no exception, and it can be noticed that, for example, f3() could be called even if
Decorator3 is not the last added decoration.
1
2

IComponent c = new ConcreteComponent();
IDecoratorOperations d = new Decorator1(new Decorator2(new Decorator3(c)));
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d.operation();
d.f3(); d.f1();

d.f2();

This could be achieved because in ConcreteDecoratorBase class we define a ”recursive search” of the methods, as it is emphasized by the following Java code:
1
2
3
4
5
6
7
8
9
10
11
12

public class ConcreteDecoratorBase extends DecoratorBase implements
IDecoratorOperations {
public ConcreteDecoratorBase(IComponent base)
{ super(base); }
public void f1() throws UnsupportedFunctionalityException{
IComponent base = this.getBase();
if ( base instanceof IDecoratorOperations)
((IDecoratorOperations)base).f1();
else //if base is not a decorator but a concrete component
throw new UnsupportedFunctionalityException("f1");
}
. . .
}

(Direct casting inside a try-catch block could be used instead of instanceof operator).
The base case of solving a call is when the invoked responsibility is defined in the
last added decoration: in this case the object directly calls the method. If the invoked
responsibility is not defined in the last added decoration, then its definition from
ConcreteDecoratorBase is used. The recursion is stopped when the obtained base is
just a simple component, and not a decorator that implements IDecoratorOperations.
The corresponding implementation in other object-oriented language, is similar.
4.1. Extensions with other responsibilities. If other possible responsibilities are
discovered as being appropriate to be used, these could be added in general using the
following steps:
(1) Define a new interface – IDecoratorOperations Extended that extends the interface IDecoratorOperations interface, and defines the desired new responsibilities.
(2) Define a class – ConcreteDecoratorBase Extended that extends
ConcreteDecoratorBase and implements IDecoratorOperations Extended.
(3) (optional) Provide an adaptation that assures that all the responsibilities
either added in the first design iteration or in the next, could be combined in
any order.
Figure 3 illustrates the new added classes.
The specified adaptation as the third step could be done using, for example, Adapter
pattern. The previous decoration classes are adapted to the new extended interface.
For example the class Decorator2 Adapted is derived from Decorator2, and implements
IDecoratorOperations Extended; no method overriding is necessary. But, this extension also requires a basic implementation of the methods defined in the interface
IDecoratorOperations Extended. (Without the adaption we can wrap the initial set of
decorations with the new ones, but viceversa is not possible.)
The implementation of the class ConcreteDecoratorBase Extended is similar to
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Figure 3. The classes that need to be defined when new decorations
are intended to be added.

that of ConcreteDecoratorBase. Next, a usage example based on the presented structure is given:
1
2
3
4
5

IComponent c = new ConcreteComponent();
IDecoratorOperations d31 = new Decorator3(new Decorator1(c));
IDecoratorOperations_Extended d431 = new Decorator4(d31);
IDecoratorOperations_Extended d2431 = new Decorator2_Adapted(d431);
d431.f3(); d431.f4(); d431.f1(); d2431.f2(); d2431.f4();

The code produces the correct execution of all the methods.
Generally, in order to allow new decoration extensions, there is an implementation
requirement defined by the possibility of adding new methods to an interface (to add
a set of methods to IDecoratorOperations interface), and also to provide a basic
implementation for them.
Classically, this is done based on multiple inheritance. So, a language as C++ or
any other that allows multiple inheritance leads to a simple implementation, where
IDecoratorOperations Extended is defined as an abstract class. Other mechanisms –
specific to the target language – could be investigated. An example is provided by
the Java default methods.

100

VIRGINIA NICULESCU

5. Java Implementation
In Java, a simplified implementation of MixDecorator is possible by using interface default methods. The class ConcreteDecoratorBase could be eliminated, and the
methods declared in the IDecoratorOperations interface could be defined as default
methods, with the corresponding implementations taken from ConcreteDecoratorBase.
Figure 4 emphasizes the specific class diagram, and the following code snippet some
implementation details.
1
2
3
4
5
6
7
8
9
10

public interface IDecoratorOperations extends IDecorator{
default public void f1() throws UnsupportedFunctionalityException{
IComponent base = getBase();
if(base instanceof IDecoratorOperations){
((IDecoratorOperations)base).f1();
}
else throw new UnsupportedFunctionalityException("f1");
}
. . .
}//~ end of the interface IDecoratorOperations

(This solution is based on operator instanceof, but type-casting could be used instead.)
Defining new decorations - and so extending the functionality - could also be
simplified in Java implementation.
The class ConcreteDecoratorBase Extended should not be defined anymore, since
again default methods could be used for interface IDecoratorOperations Extended.
The implementation of the method f4() in IDecoratorOperations Extended could be
defined in Java as:
1
2
3
4
5
6
7
8

public interface IDecoratorOperations_Extended extends IDecoratorOperations{
default void f4() throws UnsupportedFunctionalityException{
try{ ((IDecoratorOperations_Extended)getBase()).f4(); }
catch(ClassCastException e){
throw new UnsupportedFunctionalityException("f4"); }
}
. . .
}//~ end of the interface IDecoratorOperations\_Extended

(This solution is based on type-casting, but operator instanceof could be used instead.)
If we need to define a new decoration that overrides a responsibility (method) defined by a previous decoration, this is possible by defining the new decoration class as
a subclass of the initial decoration class that defines the new responsibility. It was the
case of Decorator4 Second that extends Decorator4 and overrides f4(). Since the Java
solution is based on polymorphic calls, if the used decoration is Decorator4 Second,
then the method f4() defined in this class is used.
Also, in Java, we may simplify the implementation for extensions by replacing
the implementation of the interface IDecoratorOperations with a new one that defines
the new methods too (methods f4(), f5()). In this way, the new Java mechanism
is used to the maximum efficiency. The initial decoration classes does not have to
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Figure 4. The class diagram for Java implementation of the
MixDecorator pattern.
be recompiled, and no adaptation is needed. Still, we need to have access to the
IDecoratorOperations interface in order to replace its implementation.
6. C# Implementation
In C# the simplification could be done by adding the new decoration methods
directly to the interface IDecorator, and by excluding both ConcreteDecoratorBase
and IDecoratorOperations. Figure 5 presents the corresponding class diagram.
New static classes that define the extensions methods for IDecorator should be
introduced (e.g. Decorator Extension12 with the methods f1(), f2() ). The main
difference of this solution is that being based on static methods, the base case should
be treated inside the extension method, too. The extension methods define a searching
recursive mechanism for each new method.
Also, we still may use the type IDecorator for the wrapped objects, that, in this
case, will accept messages defined as new methods in the decorators.
1
2
3

public static class Decorator_Extensions12
{ public static void f1(this IDecorator cdb)
{try
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Figure 5. The class diagram for C# implementation of the MixDecorator pattern.
4
5
6
7
8
9
10
11

{ ((Decorator1)cdb).f1(); }
catch (InvalidCastException e)
{ try { ((IDecorator)cdb.getBase()).f1(); }
catch (InvalidCastException ee)
{ throw new UnsupportedFunctionalityException("f1"); }
}
. . .
}//~ end of class Decorator_Extension12

(This solution is based on type-casting, but operator as could be used instead; also the
exception type UnsupportedFunctionalityException could be replaced by the C# exception type System.NotSupportedException.)
The extension methods define each a recursion that it’s stopped either if the
current decoration is that one which defines the invoked method or by throwing an
exception if no decoration that defines such a method was found.
If other decorators are added (Decorator3, Decorator4), other extension class
could be defined in a similar way. With this C# solution, no adaptation of the first
defined decoration classes is needed, because in fact there is no difference between
defining new responsibilities in the first design iteration, or in the next.
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But this simple solution doesn’t works well in all the cases:
If more decorations are added, which define, for example, a responsibility with the
same name as a previously defined responsibility (for example in Figure 5 there is also
Decorator4 Second that defines a method f4()), there are two possibilities to solve this
problem:
-: To change the implementation of the method f4() which was defined in the
class Decorator Extension, such that it will verify in chain all the possibilities
(starting from the more specialised class).
-: To define a new interface IDecorator Second that extend IDecorator interface,
make Decorator4 Second implements this interface, and define a new extension
class Decorator Extension4 Second where the new definition for f4() could be
added. This variants implies also an adaptation for all previously defined decorator – as it was described for the general case and for Java implementations
(Figure 5 emphasizes this solution).

7. Comparison of Java and C# solutions
Both implementations, allow simplification of the general solution.
The C# extensions methods are static methods that are called as if they were
instance methods. This static character does not affect the solution in the simple
case (when there are no overridings of the new added responsibilities) because, these
static methods provide just searching mechanisms for the instance methods with the
same name. But, just in these simple cases, the searching mechanism does not have
to be changed dynamically. Since all the extensions are done on the same interface
IDecorator we do not need to adapt the decoration classes to new interfaces (in case
of a multistage development).
Java implementations is similar to an implementation based on multiple inheritance that can be used in any object oriented language that accept multiple inheritance (ex. C++). Java 8 default methods implies a form of multiple inheritance
(behavior multiple inheritance). The Java solution is efficient and the possible simplifications over the general case are important. The advantage is given by the dynamic
bindings of virtual extension methods, that simplifies the searching mechanism; the
base case – when the front decoration is the one that defines the called responsibility
– is solved automatically. The disadvantage is represented by the need of adaptation
of the previous decorations to the new added set.
Apparently the implementation of MixDecorator pattern is simpler in C#, but
if we thoroughly analyze the solutions we can notice that for the general case, when
the new responsibilities could be overriden, the C# mechanisms based on static binding (imposed by the extension methods) in searching mechanism implies an explicit
specification of the type where the corresponding method (specified by the message
name) is defined. This imply to rewrite the extension method that correspond to a
message name, each time a new decoration that overrides the corresponding method
is defined, or to define a new decorator interface, together with adaptations of the
previously defined decorators.
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The searching algorithm for the concrete implementation of a responsibility is the
same for all the responsibilities and so, we may try to use Template Method pattern [2].
This means to define a method execute that receive the name of the responsibility and
a variable list of arguments, and tries to call the concrete methods. The invocation
should be done based on reflection since the name of the method is given as a string.
The recursive search of the method could be included inside this method execute.
If we want to provide a general extension mechanism similar to that provided
by the Scala traits, then an implementation of MixDecorator based on a general
dispatcher could be used.
8. Conclusions
MixDecorator – is similar to Decorator pattern in the sense that allows functionality extension, but it treats also the situations when we want to add new responsibilities, more concretely, when we want to enlarge the set of messages that could be sent
to an object (so we may consider that we dynamically modify the type of an object).
The structure of the pattern as emphasized in Figure 2 could be easily implemented
in any object-oriented language. But in Java 8 and C# its implementation could be
simplified.
Essentially, the implementation requirement is defined by the possibility of adding
new methods to a class. Classically this is done based on inheritance. Other mechanisms – specific to the target language – could also be used.
Two implementations – in Java and C# – were analyzed, and this analysis emphasizes the differences and also the advantages and disadvantages of Java extended
interfaces and C# extension methods.
The C# extension methods could be considered as a weaker mechanism over Java
virtual extension methods (default methods) since they do not allow polymorphism.
Still, in the context of implementing MixDecorator pattern they lead to a very simple
solution, for the case when no method overrinding is used. Java implementation is a
more object-oriented solution since some actions are done implicitly based on polymorphic call of the invoked methods. C# extension methods provide a very flexible
way to add a method to a class, but as the C# developers say “extension methods
certainly are not pure object-oriented”. Still, extension methods are features of some
object-oriented programming languages, most of them being dynamic languages.
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HYBRID UPDATE STRATEGIES RULES IN
SOCIAL HONESTY GAME
EMIL BUCUR, MARCEL CREMENE, AND DUMITRU DUMITRESCU
Abstract. Update strategies are essential for the outcome of evolutionary games. Different problems often require different update strategies of
approach. When individuals interact they choose update strategies according to the situations they face or their past encounters. In the following
paper we discuss three different update strategies involved in the outcome
of the Social Honesty game: Best, Fermi and Myopic. The purpose of this
study is to analyze the impact of combining different update strategies on
the punishment probability in the Social Honesty game. Our results may
help to explain how the presence of hybrid update strategies influences the
mechanisms based on individual punishment.

1. Introduction
In the context of today’s technological advancement, digital data is becoming available of all aspects of human life. Designing computational theories
of human behavior has become a goal for many researchers hoping to create better social systems. Interactions between people in social and economic
environment are studied intensively in Evolutionary Game theory.
The emergence of cooperation in a population of individuals became the
subject of study in a Darwinian framework. Dynamics of honest/dishonest
behavior translates into cooperation/defection in social dilemma games. Individuals change their standpoint based on the update strategies.
Update strategies are essential as algorithms in evolutionary games, by
telling every player what to do for every possible situation throughout the
game. In real world, just like in evolutionary games, individuals can choose
a specific update strategy for some time, from a finite set of pure update
strategies (for example: rock, scissors, paper, best, myopic etc.). The concept
Received by the editors: March 20, 2016.
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of update strategy should not be confused with that of a move (for example:
honest, dishonest, cooperator, defector, moralist, immoralist etc.).
In real situations people do not keep their strategy unchanged, but rather
choosing the right strategy for a given situation. History proved that there is
a clear difference between what is right to do and what is the best thing to
do. Moral values, religion, education and imitation [9] also play a crucial role
in people’s decisions and the mechanisms used to take those decisions. The
universe provides us with a great and sometimes undesired diversity.
Imitation is an advanced behavior whereby an individual observes and
replicates another’s behavior. Imitation is an effective mechanism of spreading
social behavior.
We define hybrid update strategies as strategies that combine two or more
pure update strategies. In Social Honesty game a finite set of three update
strategies was used: Best, Myopic and Fermi. Both honest and dishonest
players may choose from a finite set of update strategies. [13]
The previous studies based on the Social Honesty game [13] have used
the same update strategy for all players over the entire duration of the game
and different values for the punishment probability. An important issue about
punishment is that in terms of social connections, the punishment probability
was found to be more important than the punishment severity in promoting a
honest behavior. Research and direct observation in human interactions reveal
that individuals choose more than one update strategy. In social interactions
players can choose to change their update strategy, therefore, we propose in
this paper several new experiments based on hybrid update strategy. Since
people have the opportunity to choose alternative solutions we will let every
player change his strategy with a certain probability.
In this paper we study the effects of hybrid update strategies on the ”ptransition intervals”, using different combinations of pure update strategies. A
”p-transition interval” [13] was defined as an interval of values for punishment
probabilities where the percentage rate of honest players changes from 0% to
100%.
The following paper is organized as follows: Section 2 describes the presence of hybrid update strategies in biological systems, the spatial form of the
Social Honesty game is presented in Section 3, the hybrid update mechanisms
in Section 4, experimental results in Section 5 and conclusions and directions
for further research in Section 6.
2. Hybrid update strategies in real world complex systems
In psychology, decision-making is regarded as the cognitive process resulting in the selection of a belief or a course of action among several alternative
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possibilities. In other words, decision-making is the process of making choices
by setting goals, gathering information and assessing alternative occupations.
Update strategies can be seen as forms of human behavior, part of the decisionmaking process. The complexity of human behavior makes it impossible to
designing computational systems that include all the mechanisms involved in
the decision-making process of the human intellect. Research reveals that hybrid update strategies are present all around us. From traditions, cultures and
economy to biological systems in nature, hybrid update strategies are present.
Let us consider, for example, the rock-scissors-paper game. Studies proved
that it is almost impossible to have an advantage over players who are using
random update strategies. Since the purpose of this game is to gain advantage
over the opponent, playing the same strategy over and over again, will result
in failure of beating the opponent. For one player to gain advantage over the
opponent, he or she needs to change his or her update strategy. If we consider
our player to use the same update strategy with several other players, for a
limited number of rounds, and later change his or her update strategy, then
we have hybrid update strategies, as part of the decision-making process.
A different approach is proposed by Nowak [2]. Cooperation takes into
account the degree of relationship and the nature of groups. Five different
mechanisms are defined in order for cooperation to evolve: kin selection, direct reciprocity, indirect reciprocity, network reciprocity, and group selection.
Without a mechanism needed for cooperation to evolve, natural selection promotes defection. No punishment is proposed, instead a cost-to-benefit ratio is
used as a reference probability for promoting cooperation.
In Social Honesty game we use a punishment probability p as a dishonest behavior deterrence mechanism instead of a cost-to-benefit ratio. Honest
behavior is promoted by increasing the punishment probability. Compared to
existing results [13], in Social Honesty game the presence of hybrid update
strategies leads to higher values of the limits of the p-transition intervals, thus
the honest behavior becomes harder to promote.
Studies made thus far [11] reveal a relation between the number of offenses,
the probability of conviction, the punishment per offense and a portfolio of
other influences. A change in the probability of conviction proves to be more
important than the severity of the punishment. However the increase of the
probability of conviction or the number of offenses, leads to the increase of
economical costs associated to crimes and fighting felonies. More importantly,
Becker states that the cost of crime has an important role for the evolution or
regression of criminal behavior. As a consequence, an increase in rewarding
legal activities or of obedience to the law, would reduce the intent to commit
a crime.
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Of course every individual follows his or her economical interests [10].
However models proposed thus far, by Adam Smith, fail to take into account
non-economical motivations, which Akerlof and Shiller name ”animal spirits”.
In [10] the authors describe five different aspects of ”animal spirits”: confidence, fairness, corruption and antisocial behavior, money illusion and stories,
and how they affect economic decisions. On things through economic perspective, corruption and antisocial behavior bring a negative impact on the
economy. Decisions are made because people have the confidence they are
right, not as a result of rational calculations.
Public and lab experiments made by Ariely [5] reveal that getting caught
for unethical behavior matters less than we think. In the context of cognitive science and behavioral economics, dishonesty proved to be discouraged
by moral reminders, supervision and signs or pledges to confirm honesty. In
contrast with Becker, who proposed a rational cost-benefit analysis of crime,
Ariely demonstrates that it is the irrational forces that we do not take into account often motivate individuals to behave ethically or not. Moreover Akerlof
and Shiller state that animal spirits lie behind our subjectively defined interests and decisions, leaving us with a restless and inconsistent element in the
economy. It refers to our peculiar relationship with ambiguity or uncertainty
[10].
3. The spatial form of the Social Honesty game
Our study is based on Cellular Automata and Evolutionary Game Theory.
Cellular automata (CA) are discrete, abstract computational systems, which
proved useful in various areas of scientific study of mathematics, physics, social
phenomena, biology. Cellular automata are composed of a finite set of cells,
or atoms, each with a finite number of states, such as on and off. For each
cell, the neighborhood was defined as a finite number of cells, relative to the
specified cell. The most popular approach to cellular automata, represents
Conway’s game of life, as seen in Fig. 1.
An Evolutionary algorithm (EA) is a set of operations and symbols using
techniques inspired by mechanisms of organic evolution, such as reproduction,
mutation, recombination and natural selection, in order to obtain optimum
configurations for a specific system within specific constraints. To solve a certain problem, we create an environment where potential solutions can evolve
over many generations (iterations). A known use of evolutionary algorithms
lies in finding solutions to the Queens Problem. Starting from an initial population and using a fitness function, that evaluates each candidate according
to how close it is to the solution, the quality of the solutions in the population should improve. Although the queen problem has 4,426,165,368 possible
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Fig. 1. Basic rules of Conway’s Game of Life.

Fig. 2. The eight Queen problem.

arrangements of eight queens on an 8×8 board, it does have only 92 viable
solutions, among which 12 are fundamental solutions. Fig. 2 depicts 6 viable
solutions for the eight queen problem.
Evolutionary Game models have been extensively used in order to explain
social and biological phenomena [12, 7, 16, 15].
The Social Honesty (SH) game was introduced to study the dynamics
of honest/dishonest behavior in social environment. The SH game analyses
human interaction based on imitation. The probabilistic payoff determines
what move will achieve a player for next round [13]. The ’Best’ update strategy
is used in the majority of the experiments: each player imitates the move of
the neighbor with the highest payoff.

HYBRID UPDATE STRATEGIES RULES IN SOCIAL HONESTY GAME

111

For convenience we call an H-player a player who chooses an honest strategy and a D-player is a player who chooses a dishonest strategy [13].
In the Social Honesty game, players are arranged on a regular N×N lattice
with joint boundaries of a cellular automaton [15, 1]. Each cell of the lattice
represents a player. The state of a cell is the move of the corresponding
player (H -honest or D-dishonest). Every player plays the Social Honesty game
with the nearest 8 neighbors (the Moore neighborhood [6]) and compares the
payoffs. According to the update strategy mechanisms and the player’s gain,
each player may choose to become honest or dishonest at every game round.
Players in the Social Honesty game get certain payoffs as follows:
- If two honest players interact, the payoffs for each player are c>0;
- If an H-player interacts with a D-player, the H-player gets a payoff equal
to 0 and the player is punished with the probability p1. If not punished the
D-player gets the payoff a (a>c). The D-player’s payoff can be described as a
random variable A:


−S
a
A=
p1 1 − p1

0

Interactions between two D-players lead to the following:
• each one of them may be punished with probability p2 ;
• if none of them is punished then only one gets a positive b and the
other gets 0.
The payoffs for each D-player can be described as the next variables B and

B:
−S
B=

p2

0
1 − p2
2

b
1 − p2
2

!

0
1 − p2
2

b
1 − p2
2

!

and
0

B =

−S
p2

The following table describes the Social Honesty game:
4. Hybrid update strategies mechanisms
In order to implement the different strategies adopted by players we used
combinations of three possible strategies: ’Best’, ’Fermi ’ and ’Myopic’ [18, 3].
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Player 1/Player Honest (H)
2
Honest (H)
c, c
Dishonest (D)
A, 0
.
Fig. 3. The matrix of the Social
.

Dishonest
(D)
0, A
B, B’
Honesty game

In game theory, the ’Best update strategy’ is the strategy which leads to
the most favorable payoff for an individual [6, 17]. In our game the player
who chooses the Best update strategy imitates the neighbor with the highest
payoff.
’Myopic’ play describes a situation in which the players take the future
strategies of their opponents as given, irrespective of the actual history of the
game [4]. In essence, myopic means missing information. In our simulations
we use ’Best-Myopic update strategy’: players imitate the player with the
highest payoff with probability of 0.75 and a randomly chosen neighbor with
probability of 0.25 [13].
In our experiments the ’Fermi’ update strategy is defined as follows: a
player is imitated with a probability (p’ ) given by the Fermi function [8]:
p=

1
ew(Ux −Uy )

1+
where Ux is the payoff for the player x and is evaluated identically for
player y.
For a better understanding, the following denominations are used: ’Myopic’ &
’Best’, ’Fermi’ & ’Best’, ’Fermi’ & ’Myopic’ hybrid update strategies, as
combinations between ’Myopic’ and ’Best’, ’Fermi’ and ’Best’, respectively
’Fermi’ and ’Myopic’ update strategies. For each hybrid update strategy we
increase the percentage rate of players activating according to a pure update
strategy with 5%, while we decrease the percentage rate of players activating
according to the other pure update strategy with 5%.
5. Experiments
5.1. The Transition Intervals for Hybrid Strategy Updating Mechanisms. We study the effects of hybrid update strategies on an initial population of 100 × 100 players, with 50% honest players distributed randomly.
We let S=2, w=0.1, without a loss of generality, and use the Moore neighborhood [14] and different punishment probabilities (p). The use of hybrid
update strategies reveals changes of the transition intervals, in size and limits.
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Fig. 4. Upper and lower limits of the transition interval with different
percentage rates of players using the ’Myopic’ & ’Best’ hybrid update strategy.

It can be observed that the size of the transition intervals is greater when
using ’Fermi’ & ’Best’ hybrid update strategy as shown in Fig. 10, than using
any of the other two hybrid update strategies available. The fluctuation in size
of the transition interval is also greater when using ’Fermi’ & ’Best’ hybrid
update strategy(see Fig. 10).
The sizes of p-transition intervals, in our simulations using ’Myopic’ &
’Best’ hybrid update strategy, follow a downward trajectory, in contrast with
simulations using ’Fermi’ & ’Myopic’ hybrid update strategy, which follow an
upward trajectory (see Fig.5, 7, 9 and 11).
A comparison between the three different hybrid strategies reveals that
the lower and upper limits of p-transition intervals are greater when using
’Fermi’ & ’Myopic’ hybrid update strategy, than in the simulations using
’Myopic’ & ’Best’ or ’Fermi’ & ’Best’ hybrid update strategies (see Fig. 4,
6, 8, 12 and 13). Also the use of ’Myopic’ & ’Best’ hybrid update strategies
leads to the lowest values of the limits in our simulations (see Fig. 12 and
13). The values of the limits follow a sharper upward trajectory when using
’Myopic’ & ’Best’ and ’Fermi’ & ’Best’ hybrid update strategies, than in
simulations using ’Fermi’ & ’Myopic’ hybrid update strategy.
5.2. The Transition Intervals for ’Myopic’ & ’Best’ Hybrid Update
Strategies. Simulations of the game start with 50% honest players distributed
randomly on the lattice. Fig. 4 shows the evolution of the limits of p-transition

114

EMIL BUCUR, MARCEL CREMENE, AND DUMITRU DUMITRESCU

Fig. 5. The size of transition intervals with different percentage
rates of players using the ’Myopic’ & ’Best’ hybrid update strategy.

intervals using different percentage rates of players activating according to
’Myopic’ & ’Best’ hybrid update strategies. Results were obtained over an
average of 100 repetitions, each repetition with 1000 rounds, with a punishment severity of S=2. Players using the ’Myopic’ update strategy are chosen
randomly every round on a 100×100 players lattice. Increasing the value of
p, with a step of 0.0025, and the rate of players using the ’Myopic’ update
strategy, with a step of 5%, we notice that the limits of the transition interval
increase in value, from 0.12 up to 0.2025 for the lower limit and from 0.18 up
to 0.245 for the upper limit of the transition interval (see Fig. 4).
The sizes of the p-transition intervals follow a downward trajectory from
0.06 down to 0.0425 compared to ’Fermi’ & ’Myopic’ hybrid update strategy
where the sizes of p-transition intervals follow a upward trajectory from 0.045
up to 0.06 (see Fig. 5, 9 and 11).

5.3. The Transition Intervals for ’Fermi’ & ’Best’ Hybrid Update
Strategies. Simulations of the game start with 50% honest players distributed
randomly on the lattice. Fig. 6 shows the evolution of the limits of p-transition
intervals using different percentage rates of players activating according to
’Fermi’ & ’Best’ hybrid update strategies. Results were obtained over an average of 100 repetitions, each repetition with 1000 rounds, with a punishment
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Fig. 6. Upper and lower limits of the transition interval with different
percentage rates of players using the’Fermi’ & ’Best’ update strategy.

Fig. 7. The size of the transition intervals with different percentage
rates of players using the Fermi’ & ’Best update strategy.

severity of S=2. Players using the ’Fermi’ update strategy are chosen randomly every round on a 100×100 players lattice. Increasing the value of p,
with a step of 0.0025, and the rate of players using the ’Fermi’ update strategy,
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Fig. 8. Upper and lower limits of the transition interval with different
percentage rates of players using the ’Fermi’ & ’Myopic’ update strategy.

with a step of 5%, we notice that the limits of the transition interval increase
in value, from 0.12 up to 0.2275 for the lower limit and from 0.18 up to 0.29
for the upper limit of the transition interval (see Fig. 6). The values for the
limits are greater than those resulted in simulations using ’Myopic’ & ’Best’
hybrid update strategies (see Fig. 4, 6, 12 and 13).
The sizes of p-transition intervals have greater fluctuations when using
’Fermi’ & ’Best’ hybrid update strategies than using any of the other hybrid
update strategies available (see Fig. 7 and 11).

5.4. The Transition Intervals for ’Fermi’ & ’Myopic’ Hybrid Update
Strategies. Simulations of the game, using ’Fermi’ & ’Myopic’ hybrid update strategies, start with 50% honest players distributed randomly on the
lattice. Fig. 8 shows the evolution of the limits of p-transition intervals using
different percentage rates of players activating according to ’Fermi’ & ’Myopic’
hybrid update strategies. Results were obtained over an average of 100 repetitions, each repetition with 1000 rounds, with a punishment severity of S=2.
Players using the ’Fermi’ update strategy and ’Myopic’ update strategy, are
chosen randomly every round on a 100×100 players lattice. Increasing the
value of p, with a step of 0.0025, and the rate of players using the ’Fermi’
update strategy, with a step of 5%, while decreasing the rate of players using
the ’Myopic’ update strategy, with a step of 5%, we notice that the limits of
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Fig. 9. The size of the transition interval with different percentage
rates of players using the ’Fermi’ & ’Myopic’ update strategy.

Fig. 10. ’Fermi’ & ’Myopic’ hybrid update Strategies. The evolution of the
lower and upper limits of the transition intervals.

the transition interval increase in value, from 0.2 up to 0.2275 for the lower
limit and from 0.245 up to 0.2875 for the upper limit of the transition interval
(see Fig. 8 and 10).
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Fig. 11. Size comparison of transition intervals, between the three different
Hybrid Update Strategies: ’Fermi’ & ’Best’ hybrid update strategy,
’Fermi’ & ’Myopic’ hybrid update strategy and ’Myopic’ & ’Best’
hybrid update strategy.

The sizes of the p-transition intervals follow an upward trajectory from
0.045 up to 0.06 (see Fig. 9), with fewer fluctuations than using ’Fermi’ &
’Best’ hybrid update strategies.

5.5. Comparison Between the Three Hybrid Update Strategies in
Social Honesty Game. Fig. 11 depicts the sizes of p-transition intervals
for hybrid updating strategies. Simulations reveal that using ’Fermi’ & ’Best’
hybrid update strategy leads to higher values for the sizes of p-transition intervals, which leads us to the assumption that honest behavior becomes harder
to promote (see also Fig. 6). We also notice that fluctuations appear when
using ’Fermi’ & ’Best’ hybrid update strategies.
Fig. 12 and Fig. 13 reveal the evolution of the p-transition intervals
for all three hybrid update strategies used in our simulations. The limits
of p-transition intervals follow an upward trajectory for all three hybrid update strategies, with the highest values for ’Fermi’ & ’Myopic’ hybrid update
strategy and the lowest values for ’Myopic’ & ’Best’ hybrid update strategies.
When ’Myopic’ & ’Best’ hybrid update strategies are used, honest behavior
becomes easier to promote.
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Fig. 12. Lower limits of transition intervals, using the three different
Hybrid Update Strategies: ’Fermi’ & ’Best’ hybrid update strategy,
’Fermi’ & ’Myopic’ hybrid update strategy and ’Myopic’ & ’Best’
hybrid update strategy.

When players no longer activate according to a single update strategy, the
size and limits of p-transition intervals are redefined. Hybrid update strategies cause unexpected changes in the games’ outcome. People tend to make
decisions in accordance with the successes and failures they encounter in life.
Decision-making process takes into account the different experiences and potential obstacles that people encounter (i.e. exams, fines, prizes etc.). Pure
update strategies are rare, since individuals interact with other people, taking
into account the nature of relations (brother, sister, parent, friend, stranger
etc.).

6. Conclusions
Previous studies based on Social Honesty game [13] have considered only
one update strategy mechanism for all players. Compared to hybrid update
strategies, using a single update strategy leads to greater ease in promoting a
honest behavior.
In the present study different players may use different update strategies
(hybrid update strategies). Numerical experiments indicate that when players
use ’Fermi’ & ’Best’ hybrid update strategy the honest behavior becomes
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Fig. 13. Upper limits of transition intervals, using the three different
Hybrid Update Strategies: ’Fermi’ & ’Best’ hybrid update strategy,
’Fermi’ & ’Myopic’ hybrid update strategy and ’Myopic’and’Best’
hybrid update strategy.

harder to promote than using the other two hybrid update strategies. The
limits and sizes of p-transition intervals are redefined. Compared to the ’Myopic’ & ’Best’ hybrid update strategy the use of ’Fermi’ & ’Best’ hybrid
update strategy leads to higher values of the limits of the p-transition intervals
(see Fig. 4, 6, 12 and 13).
Compared to the other two hybrid update strategies ’Fermi’ & ’Best’ provided the most sharper increase in value for the limits of p-transition intervals
(Fig. 4, 10 and 11). Transition intervals have the biggest fluctuations in size,
and their width exceeds them on the other two hybrid update strategies (Fig.
11).
When players use ’Myopic’ & ’Best’ hybrid update strategies the limits of
p-transition intervals are lower in value (see Fig. 4, 12 and 13). Transition
intervals have fewer fluctuations in size (see Fig. 5 and 11).
From all three hybrid update strategies ’Fermi’ & ’Myopic’ proves to be
the most intriguing. The limits of transition intervals are higher than any
of the other two hybrid update strategies (see Fig. 8, 12 and 13). Also
the evolution of the limits is somewhat more lightly. The sizes of transition
intervals are lower in value and have fewer fluctuations (Fig. 9 and 11).
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When it comes to ’Myopic’ strategy, whether it is combined with ’Best’
or ’Fermi’ update strategies, the sizes of p-transition intervals are lower and
have fewer fluctuations which leads us to the assumption that when people
are missing information they become easier to control and an honest behavior
is easier to promote. As future work we intend to experiment new scenarios
that combine tit-for-tat update strategy with synchronous and asynchronous
activation in Social Honesty game. Another direction for study is examining how a mixed strategy influences the game’s outcome in combination with
asynchronous updating.
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